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Periodic Structures

Joannopooulos et.al., Photonic Crystals, 2008
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Natural Periodic Structures

peacock feathers butterfly wings

These beautiful colors are results of light interactions
with natural photonic crystals.

Courtesy: optoelectronics.eecs.berkeley.edu



Engineered Periodic Structures

Courtesy: optoelectronics.eecs.berkeley.edu
Schurig et al., Science, 314:977-980, 2006

Yu et al., Science, 334:333, 2011

Photonic crystals in optical fibers

Metamaterials in cloaking
Meta-surfaces in planar optics

Engineered Electromagnetic Materials controls the
propagation of EM Waves in microwave and optical devices.
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The Broadband Green’s Function Approach
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Band and Mode Characterization

With BGF, we formulate the highly-resonant multiple
scattering problem using surface integral equations;

We then convert the SIEs into a tractable linear
eigenvalue problem of a moderate size.



The Governing Equations .
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Wave equation: V2 (p) + ke ()Y (p) =0

Bloch theorem:  ¥(p + R) = ¥(p) exp(lkb R)

Green’s function: V2g(p;p) + k2g(p;p) =6(p —p")
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What Makes it Possible? ---- The Hybrid
Representation of the Lattice Green’s Function
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Features & Advantages of the Broadband
Green’s Function

= Exponentially convergent spatial series:
* No frequency dependence
* Represents fast decaying near field interactions
e Diagonal dominant: good condition number in matrix representation
 Well-studied singularity in free space Green function g°(p, p")



Features & Advantages of the Broadband
Green’s Function

= Fast convergent spectral series:
» Separable frequency dependence in 1/(k2 + 52)
* Ready to be evaluated in a broad frequency range of interest
* Represents long range far field interactions: the leading reason for poor
conditioning of g3
* No spatial singularity at any (p, p’) pair
* Contains frequency poles when k = |I?| (light-line dispersions)



Band Characterization Using Surface Integral
Equations: PEC, TMz

o Surface Integral Equation (SIE) with gg

0= dp'gp(k.ky:p.p' )i V'y(P). P> Sy ~
Soo L ‘\e//f/'
o Discretization of the SIE S°°

=, \_ 1 _ — _ _
L (k)q =0 where L (k) = v Isn dp'g’ (k:ki;p,p’)

o Apply the broadband hybrid representation of gp

pu— pu— pu— pu— —\ pu— 1
L(2)=L(i&)+R(AI -D) R where A=
I

a ‘Iza‘z_'_éz

R, (P) =D, (P)
v, (P)= 5 exp(iK, -p)



Linear Eigenvalue Problem Formulation of
Band Characterization

Instead of solving det (i(/l)) =0

pu— pr— pr— pu— pr— _1 pu—
Consider L(2)g=L(i¢)g+R(AI D) R'g=0
= —\—1
Note the pole singularity (/11 — D) Linear Eigenvalue Problem
_ = =\l= Pb = Ab
Define b z(/ll —D) R'g
-1

P-b-R[L(i5)| R

Together with qg = —[L (lc_f)] 1 Rb
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Advantage of the Linear Eigenvalue Problem
Formulation

Ph = ib P=D-R'[L(i)| R

= P independent of frequency, thus get all the eigenvalues (bands) of interest
at once

= Size of P depends on the number of Floguet planewaves in the fast
convergent spectral series

= Contrary to i(k):
= L(i) is of small condition number, easy to invert



High-Order Convergence

o (kK: 5. 5) =2 (i85, 7 ) - 52;" e (E8:p.7)
(§2+k2) d|ld ;. — _ _,—l
T déLﬁdf Hiekip 7))
2 1 exp(iE-(ﬁ—E'))
+(§ +k ) ZE: 1 1 (‘]Z‘2+§2)4Q
k> +& ‘]Z‘2+§
[:4(2,) + Ra ('0)
L0 (i&.2) = L(i€) 5 55 L' (i&) + 5 o L' (i€)
128 PRy



High-Order Convergence & Nonlinear
Problem Formulation

P(A)b = b P(A)=D-—5 R

IV (i, ﬁ)]_l R

P(A)b = b
1 (g, 2) =L (i& —li_(é) ’E 81(5 L'(i¢)

det /(1) =0 A(2)b =0 ﬁ(a)j_%ﬁ(;t)

= P and H: very small matrix size, simple frequency dependence
= LO(ig, 2):

* Easy to evaluate over a broad frequency of interest

* Smooth function of A, no poles in inversion

* Highly diagonal, good conditioning, and easy to invert

= 17(/1): highly diagonal with well-regularized diagonal elements

17
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PEC Scatterer Array: TMz Polarization e o
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High order

Pb = Ab detﬁ(}t)zo

det L(2)=0

Very good agreement; constant band: isolated internal resonance
= Linear eigenvalue problem: get all the bands in one short

= det (ﬁ) yields all the physical bands effectively

det (i) difficult to separate zeros and poles when they overlap
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PEC Scatterer Array

=
=R
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Pe = ¢

Frequency (c/a)

: TEz Polarization
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Frequency (c/a)
=)
N

0.1

det H(2)=0

shaped non-penetrable scatterers

High order

detS(A)=0

Very similar formulation, very good agreement, applicable to arbitrarily-
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Modal Fields and Normalization

eXP(lk (,0 /_"))J(ﬁ,)
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kl

NoA

k. (P —

PV (7)

= First term orthogonal to the rest: efficient normalization

= First term eliminates Gibbs oscillation in plane wave expansion: accurate

”QOO dply, (’5;5)\2 =

. . 2
+ Z |plane wave expansion coefﬁ01ents|

lal<M
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BBGFL: Modal Method to Construct the
Broadband Point Source Green’s Function gs

S I Normalized
ﬂ o
Band Solution

= Few modes Use Band
= Broadband Solution to

Construct g3

Array Scanning
to Compute g°

22




g5 in Band Solutions with Improved Convergence

- _ _, 4 (l;i;,l_’)',”* (];i;ﬁ,) kg: band eigenvalue
gi(k,ki;p,p)zzﬂ: : ké(lg.)ikz l/)ﬁ[;:band wavefunction

L Tem o) ot (ko Fem e (g LS (kP ) (& ki) v (Pik v (7
gP(kk pp):gp(kukiap p)-l—(k _kL) 2 dk T = (e () — 2 V2 (E)— &2
‘ k=k (ﬂ( ) )( ﬂ( ) L
A \Spq
) _ T .
‘ . ‘ " kpgandiyp (p; ki) : function of geometry,
independent of k
‘\ % ////‘\\\ % /‘
Y / Pl = Convergence up to 1/kj and 1/k$ with
L a x &4 B p
" ’ ! 15t and 2"d order extraction, respectively
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, ,5’): Periodic Sources
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O Truncating modal series with kz < 3k yields errors less than 1%.
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Obtain g°(k; p,p") from gp(k, ki; p,p') by
Integrating k; over The First Brillouin Zone

A \S ‘S
/.\Pq _ _pd
s ~ Ve ~
(P - :
s ~ e ~
' , N, ' ’ N,
/‘ B i /‘ & X
s ~ 7 ~N e ~ s
Ve ~ s ~ ~ 7
\ / \ ~ s
~

2 ) ) )

k; in mid band-gap or imaginary: g° (k;) computed by truncating the arrays around
source

When k in passband, apply singularity extraction, leading to smooth integrand
Rapid convergence in band summation

One g°(k;), many g° (k) 25



Green’s Function g°: Point Source,
Broadband Calculations

fn = 0.1 (stop)

@
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fn = 0.2 (stop, close to edge)

1
0
1

0 2 -2

= Fields localized: in stop-band

0

= Fields extended: close to the band-edge
=  Passband: modal method to be worked out
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The Critical Role of Green’s Function

* Green’s functions are impulse responses. Once the Green’s functions
that satisfy boundary conditions are obtained, the electromagnetic
boundary value problem is solved.

* We consider Green’s function of periodic scatterers where there are
infinite boundaries.

27



Apply gs to Solve Scattering from Bounded
Periodic Structures

] External: use g,

0 oo’
r =
on on

w,»m(ﬁ)—_[cdl{go }—0,,5—>C

U Internal: use g

oy og”® _
dl'| o° - -0, Ct
'[C {g on' v on' } p=

- =

gS(pnO):Oa /—)_)Spavp

" gs satisfy boundary conditions on §,,
o | =  Only discretize and solve the equivalent
currents on the enclosing boundary

= Accurate and low cost
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Scattering from a Half-Space of Periodic
Scatterers with g°: SIE only on Interface

So_i__od_inteffaceC .| T oy 0gl
0 T dx —y — =W, \7 —>
o = e Ll B
SN NN N B T
"9 9-0-@ . | .0 o505 |
NEAENT \-\ / \-\ / \-\ jdx' gf;x l//,_W—gp’x =0, Z—)Z;
__.1.;.a_.._.-‘ 0 ] Oz 1074 Joe

» Results successfully capture near
field patterns around the interface
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Localized Defect in a Periodic Lattice:
SIE only on Boundary Enclosing Impurity

] External: use g O Oj O
S _
2\ 0pe O (O
jdp |:g ——z//—:l 0,0 >C '\ R, A
o o O d
. 5
 Internal: use gq O

— oy 0g,
g, (7.7)+ | dp [g — v

on' on'

0 1 2 -2 -1 0 1 2 -2 -1 0
x(a) X(a) x(a)

= |mpurities alter field localization patterns around excitations
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The Broadband Green’s Function technique : A
Solution to Three Challenging Problems

Point
Source
Green’s

Function

Green’s
Function and
Scattering of

Ideal infinite Periodic

array, intuition Scatterers
Band

Small/moderate Structure
linear eigenvalu@ =RV e
problem Fields
Accurate modal
fields and
normalization

Engineered

Relate to the band
structure

Modal method only
involve few modes
Broadband evaluation

= Bounded array

= Localized
defects &
Periodic excitations
Structure = Effectively
& Physics solved with gg

31
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Open and Multi-Scale Scattering
Problems

33



Multi-scale Scattering Problem and
Optimization: An Example

= Aircraft platform: large scale

Transmitting antenna

= Antenna: fine scale

= Optimization of antenna for best
tumped pose performance on aircraft platform

. " Requires multiple iterations and
EM simulations

Perfect electric conductor Our approaCh: SOIVe platform
/ Lumped port 2 scattering once, immediately get
S coupled scattering solution of
antenna on platform for any
configurations

Courtesy Comsol™

34



The Multi-scale Scattering Problem: An

Analogue

\

Lumped port |

=)

4

d Perfect electric conductor

/ Lumped port 2
eceivi ntenna

= The aircraft
platform

Courtesy Comsol™

=  Antenna mounted on
aircraft

35



gs of an Open Scatter Applied to Scattering
Problems of Locally Modified Scatterers

36



Scattering of Deformed Scatterers and Open
Cavities Using g

102

Deformed scatter

deformed: 999
- = original: 9

. deformed: 9

0 510 1(I)0 1tl'>0 2(I)O 2&%0 360 3\%0
. ¢ (°)
Open cavity

102

Open Cavity: 9095

= = Close Cylinder: 9

. Open Cavity: 9

o_(alrad)




Other Potential Applications of
the Broadband Green’s Function
Theory



Signal/Electromagnetic Integrity for High-
Speed Interconnection and Integration

PCB structure with
= traces and vias

S W, (P, (P
gS(k;,O,,O)=Z ﬂ(kz)_lfz( )
P B

Signal and Power Integrity, Packaging, EMC, EMI

Broadband simulations



Casimir Forces in Nanotechnology

Maxwell Stress Tensor in terms of correlation function
(0|, (F) £, (7)]0) = Yot (7) 47 (7)

Green’s function in terms of modes

) 2¢.¢ )
G —_ -, — k 0 Al — Am —
w (7575 0) Zk:w,f—wz h ()47 ()

Correlation function in terms of Green’s function

A A h o0
O\E (7)E (7 ‘O>: G (7.70)odw
(O& ()£, (7)0) = 5", G (77 )

BBGFL representation of G;,,, (7, 7'; w)

Leonhardt, U. (2010). Essential quantum optics: from quantum measurements to black holes. Cambridge University Press.



and diagram simulation of 2D
uerto Rico. (Paper)

ms and low frequency dispersion relations of 2D
reen’s function with low wavenumber extraction

More on The Band

Characterization
Problem with The BGF
Approach

Dielectric scatterer and orientation freedom (link to valley transport)

Topological photonics
Topological acoustics
Spurious mode and cavity mode

3D problem: line media and A-® formulation

41



The Surface Integral Equation Formulation for
Dielectric Scatterers

Extinction Theorem for region outside the scatterer:

{fs al' [v (p )" - V'gp (k,ki; 5,0') — gp (K, ki

gp (k. kipp') = —

42



Extinction Theorem inside Scatterer: g4p Or g;~

Both are valid extinction theorems

—ﬁ dl’ [lp'] (ﬁ’) n Ve (ﬁ?ﬁ’) — 21 (ﬁ,ﬁ’) n -V, (ﬁ’)] =0 poutside scatterer

Pq

{/ di' [0y ()7 - V'gip (k1. ki;p,0) — g1p (k1. kaip, 9 ) 7' - Vg (7)) = ]
Soo

&(p.2)= H,"(klp - )

7 1 CXp (fEf'.'HH ) (5_ EI))
P, Z

QS R

- In KKR (Korringa-Kohn-Rostoker): choose gp and wave
representation of Y1, = a non-linear eigenvalue problem

- In BBGFL: choose gp and g,p, — a linear eigenvalue problem,
applies to arbitrary geometry

- If we choose gp and g4, = a nonlinear eigenvalue problem |

Y
\ .,
Sl



gp and g4 In Surface Integral Equations

0) 498 (k. kL, ki p,7)
_f)_|_g]B (Al k1r - }lf p. p)

0q

s

—

=

T
o

-

|

o

s
_

=

-

;_h._-‘_
"c3| ‘t:l
Q

- ik - (P—7
9B (k:kLakiaﬁﬂﬁf) - Q{] Z ( = (E o (p P ))

‘kia‘g — !‘vg) (‘ki&F

—k%)

2 12 (00
Z1B (k].le,E-TETE") _ k — ki Z ( CXp (I] a (p P ))
a

Z " — 2
_Jq) ( —fci)

* Only need a few terms in gg and g4p: 1/|I;l-a:|4
* Size of the eigenvalue problem: small
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Dielectric Scatterer Array: Formulation

Coupled SIEs with gp(k) and gp(k;)
)i -V'y (P')=0, B — Sy

ﬁ’

b |

dp'gp(k.k;

J, dp'v(P)i Vg, (kk:p.P)-[
—ISOO dp'y,(P)i' V', (k.k;:p.p')- . dP'gs (ki ks 2. P )i V', (5)=0, p—>Sg,
Boundary conditions
v, (P)=w(p) 1 TMz
’ —r 1 ~r ’ —r S = & TEz
Vi (p)==a"-V'y(p) -
S p
Matrix representation
S(k) —L(k)

s ] (
Z(k’kl)mzo AT S W) L5 k)

Band diagram: to find the supporting k’s at each k;: |Z(k ky;k;



Dielectric Scatterer Array: Linear Eigenvalue

Problem Formulation

Invoking the hybrid representation of gp(k) and gp(k;)

D

Al —

z(a):z(ig){

R
R

8 =
—£ D,
&,

Note the pole singularity kork, =

- éT _Rt
AL - ‘r p ot _Lé g
&, g s&

Linear Eigenvalue Problem

|Ke|

Define

l]

d =

-1 ~ _

QT _RT
g_péfr _lg_p}:zj
K s& |

Together with

-z |

Pd = Ad




Band Diagrams of Periodic Elliptical Air Voids: TMz

Frequency (Units of c/a)

Semi-long radius = a/+/3

Semi-short radius = a/3
&p = 12.25
Ep =1

O
N

Maxwell Garnett:

&=0-f)e+ foep
Low frequency dispersion:

First 5 bands of BBGFL (circles) compared with
plane wave results (lines)

k = w+/e,u

Plane wave: a linear eigenvalue problem by expanding both field and
dielectric constants into Bloch modes. Converge slowly for large 47
permittivity contrast and filling ratio.



Band Diagrams of Periodic Elliptical Air Voids: TEz

o
™~

Lower band:
semi-long
axisalong ¥  ;

©
w

higher band:
semi-long axis
60° off X

©
—

Maxwell Garnett:

. 1+ noax,y(l — )(x,y)/e

Frequency (Units of c/a)
o
N

& =
it 1- noax,y)(x,y/g
r M K I
Low frequency dispersion:
First band of BBGFL (circles) compared with plane
k = w-f eeff(e).“

wave results (lines)
ExEy

geff(e) =

0: angle between k and semi-long axis a8

&x C0s% 0 + g, sin? 6



Orientation Freedom of Arbitrarily Shaped
Scatterer Links to Topological Valley Transport

b VPC1
d, =81 nm, d,= 181 nm

VPC2

Figures courtesy He et al., NATURE COMMUNICATIONS | (2019) 10:872.
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Feng, Z., Tan, S., Tsang, L., & Li, E. P. (2019). Efficient characterization of topological photonics
using the broadband Green’s function. PIERS 2019 Xiamen. (Paper)

Feng, Z., Tan, S., Tsang, L., & Li, E. (2020). Band characterization of topological photonic crystals
using the broadband Green’s function technique. Optics Express, 28(19), 27223-27237.

Topological Photonics

Versatility of the BGF approach

Spurious mode issue

50



Topological Photonics and Edge States

A
a — %= % 1 " Unidirectional
- & backscattering immune
~, o | topological edge states
| Q SIE using g° and g° on C
A
® AT
ﬁ ﬁ
0
L J ___sEomnc ___ %

51

Wang et.al., nature letters, 461(8): 772-776, 2009



TMz Modes in a Gyromagnetic Photonic
Crystal

O O O
Inside gyromagnetic scatterers Outside, in background
@ O O
. g :scalar 0z
& :scalar 0> Ho { oo | o
. . Sool A1
Cu ik 0] _,LTI in O ] VxE = ZC!),UOH OGeofﬁetry of
ﬁ —|—ix u 0 ﬁ_l —| —in /:2_1 0 V x H _ —ia)EOE the 2D lattice
[0 0 4] 0 0 gy
- - 2 2
VE,, + o & iy, =0
VxE =iouH _
B # B Boundary conditions ix(E,—E)=0
VxH=—-iweE . (= =
E -E. ix(H,—H)=0

) 0z

V2E2+a)2g,u[1—%jEz =0 n-VE,_ = ’Ll;on -VE_+inuyt -VE.



An Integral Formulation of the Eigen-Modes

" |nside gyromagnetic scatterers = Qutside, in background
2
2 2 K _
vETe gﬂ[l ﬂszZ ’ V'E, +@’g i, E,, =0
2 (= = 2 K’ = — = _ =
Vig(p.p')+@ eu[l—ﬂ—jg(p p)==0(pP-P) Vg, (p.p)+ @ eut,2, (P, 0 )=-5(p—p)
gp(l;b,l[_),ﬁ’)zzg(l[_) IL_) E )eXp(l];bEmn) gp()(];ba[a)la,):Zgo(ﬁﬂﬁ'+ﬁmn)exp(l];17Emn)

A5 g, V'E. —Eil-V'g,] - {Ez (p) if p inside scatterer

Coo 0 if p outside scatterer

— P N if p 1nside scatterer
=) dP'[gpoht"-V'Ey, = Ey.7"V'gp | =

COO

0
E, (p) if p outside scatterer



Coupled Integral Equations

* Let p approach the boundary in the extinction theorem
* Apply boundary conditions on the scatterers
e Obtain coupled surface integral equations

COO

COO

* To construct a linear eigenvalue problem
* apply the broadband representations of gp and gp,

[gP VE, - E.n V,gp:

dp'| g [”—f A V'E. +i77y0f’-V’EZj—EZﬁ’-V’gPO
H il

=0, p—> Sy

=0, p—>39,,

* and apply Method of Moments with roof-top basis function to discretize the

integral equation



Galerkin Method with Roof-Top Basis

Apply Galerkin’s method and use roof-top basis function

[t [ de [t 7’98 (ke T 5. 5@)) = gb (ke T PO, 5'C)) ] )

Sm Sn s

=0 () — Soo |

[ dtuco [ ar [wn 7798 (ko K 50,7/ (®) \

S Sh ) 0 ty — At by g, + At
— gp (ko: kiiﬁ(t):ﬁl(t)) Ho <Eu1n + YPpint’ - V’)] @) =0 (p) - S

Roof-top basis function and it’s derivation

(1
E(t—tm+At);tm—At<t<tm

t)=4 1 Matrix form
fm (D —A—t(t—tm—At);tm<t<tm+At

. 0; otherwise = — = _
Ay — Biju; =0

(1 = . =7 Hos _
—itm — At <t <ty (Ao—luonC)tpl—TBoul:O
At i

t-VE, () =4 1
fm () — a7 tm <<t +AL
. 0; otherwise




BGF and Linear Eigenvalue Problem

. 1 exp(iK - p)
_ i — . % e — R , =
[9plspe= Z R(E )W (k, DR' (& ) N T D
Wk, i€) = ! A(E k)= — -
T A k) — D(iE) e P = K|+ €2

SIE becomes 0 (I‘To (i€, ) — iﬂonf(ifo))lh _ @ Related to [glg]Spa
R(iE0)W (k, i€0) QT (i€, ) — inonR (i&g)W (k, i&g)RE (10, P)))P1 — R(iE)W (k, i&0)RT (&0, p

Related to [g5] Spe

Related to [g3] Spa

R(i&y, PIW (k, iE) QT (i&y, PPy — R(i&y, PIW (k, iERT(i&y, p)ity

Related to [g3] Spe
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BGF and Linear Eigenvalue Problem (Cont’d)

Define _ _ 4 _ —
b =Wk, i&)[(QT(i&, p") — inonR{(i&, p))P1 — RT(i&y, p)i4]
¢ = Wk, i&)[(QT(&, pNP; — RT(&, pH14]
U] _ rpcie. ma-i|RE) 0 1B
ﬂll B [ 0 ﬁ(ifl)] g
Eigenvalue problem P E‘ = 4o E]

R(i&o)

P _
0

il

F(ifo) 0 ]_lR*(ieo,pv—wonRZ(ifo,p'> G

i [Z(i¢ ,Ei)]‘ll
D(i$1) &1 RT (&1, p) —ErﬂrQT(iﬁ»ﬁ'J 0

[2(i80, i) =

Z(iEOJ El) _ inuOTIC:(iEOJEi) _%ﬁ(ifO' l_(l)
gr.urz(ifl: l_cl) _gr.urﬁ(igl: ];l)

o)
R(i&)



Advantage of The Linear Eigenvalue Problem

Formulation
: . s[b] _ 5 [b
Eigenvalue problem: P2l =2|"
C C
Eigenvalue: 1. = 1
DG kG

Surface fields from eigenvector:

U1| _ _z0e By |RE0) 0 ]5
] [2(i60, o) [ 3" ol

Uq 0

The modal fields are directly related to the surface fields.

* Advantage:
. If : frequency independent

e P :small size
* Get all the eigenvalues simultaneously



Physical Modes and Spurious Modes

Eigenvalues
T T T

-0.02 -

O EFIE
®  physical mode

-0.04 -

Im

-0.06 -

-0.08

-0.1

Check extinction theorem

. . -012
to reject spurious mode

1 1 1 1 1 1 1
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9
Re

A5 g, V'E. —Eil-V'g,] - {Ez (p) if p inside scatterer

Coo 0 if p outside scatterer
0

_ N . if p inside scatterer
—| . dp [gPOn -VE,, —E.n 'Vgpo]:

COO

E, (p) if p outside scatterer



Extinction Theorem Distinguishes Physical
Modes versus Spurious Modes

Extinction theorem
of inside region

Extinction theorem
of outside region

Extinction theorem of E, (Physical Extinction theorem of E; (Physical

¥ 05 05 % 60

|
|
1
|
|
|
1
15
S
7 4.5 - 2
s S -
M 05
Physical < os 1 2 o8
S o |2 o
= 0 z
© 05 1 = 0
= Q 4 i
g I E
05 Q 05
ﬁ 1.5 ! L. v
5 | @ o5
os i 1 os
0 0 | ¢ 0
-15
y 05 05 X : y 05 05 X
S
1
Extinction theorem of E, (Nonphysical) : Extinction theorem of E; (Nonphysical)
15 1 J___.——-"‘!_ \\\ 5
I il s
= 2 1 1 p— vl Y ‘ e .
g 1 ! E L ‘
- 05 o= -~ o
Z I ‘
I o \ I B o ‘ -
Q 0 4]
1 = 1 = -
Nonphysical 5 . pr— I o 1 -
= ’ 0.5 = 0.5
= 1 £ —
8 2 V =] 5 — '“'h\
m 05 = | ED Ppde L R"u
05 | \\-:, - el
0 p a8 | 0 \_\ _J____,-ﬂ':
i 1 S~
1
|
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f (c/a)

Physical Band Solutions to Gyromagnetic Photonic
Crystals without/with DC Magnetic Fields

Band Diagram with DC Magnetic Field

Band Diagram without DC Magnetic Field

7 Seg . N 1.2

9 CoMSOL comsoL

f (c/a)

"
N,
0.6 oo croraereroSS-00n R <
c
(CR\Y, -0 s
~6-o-0-0-0

o
o©
0-0-0-0-600-0000009°

0.4 : 0.4
0.2 . 0.2
0 ' 0
r X M T r X M r
o| o | o
r =0.11a
©@ | o o g = 15¢
a2 14u, 12.4iu, O
u=|—124ipugx 14y, 0

0 0 Ho
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Feng, Z., Tan, S., Tsang, L., & Li, E. (2020). Spurious mode free broadband Green’s function technique for periodic
scatterers using the combined field integral equation formulation. NEMO 2020 Hangzhou. (Paper)

Feng, Z., Gao, R., Bai, X. & Tan, S. (2020). Eigen-analysis of cavity perturbations by combining vector potential
electromagnetics with broadband periodic Green's function. NEMO 2020 Hangzhou.

Overcome The Spurious Mode
|ssue

PEC Crystal Revisit: EFIE, MFIE, CFIE, and the Nystrom method

The complementary problem: a linear eigenvalue problem formulation for cavity
modes

Nystrom/CFIE applied to dielectric crystal
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The PEC Scatterer Array, TMz Case: Revisit

j dl’ [gp (k, k7T ) Y@ {IP(T) T outside scatterer

EFIE on’ 0 7 inside scatterer
Soo
U
X = = —_—
AxH=] —ilwu on
A
= = = _ 1 oyY(r
1 jd ,lagp (k, ki;r, 7T )61/)( ’)] _ ) 1/57(17”) 7 outside scatterer
MFIE — P | = u o
Soo r inside scatterer
_ agp (k. k77 )| oy @)
CFIE , 77 7 F oS-
jdl [gp(k klrr)+_lwu - =0 S



Convert CFIE into A Linear Eigenvalue Problem

Fix w in the CFIE combining coefficient

A/Iatrix form of SIEs \ / \
=0

_, . )
EFI B+ RUEDW (kO 7)) ‘b(_ r) be meE W R (i) G
MrL (G4 Qe nweioR el %S 2 =1 - o
_ W(k,ié&)| b
](:3 [B + R(Lf r)W(k lf)R (LE )+ :ZU“Z = [A(i&, k) - 5_(1'_5)]1;
w 0o )\ R 7y 200 y
\
lEliminating 6151(1?, )
Pb=2b
Eigenvalue problem
(EVP)
= = =t n = 1= o n = __ _
P=D-R (lf T ) a),uo A] [R(lf,r) + . Q(i&, 1)
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EFIE, MFIE, and CFIE Results with Pulse Basis

r = 0.4a k, = 0.1b; + 0.05b,
1040 . : :

EFIE - Nystrom
EFIE - Pulse

I MFIE - Nystrom
1020 MFIE - Pulse
| CFIE - Nystrom
CFIE - Pulse
physical mode

RN
o
(2]
o
T
i / i

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9
Frequency (c/a)

Dips in ||H|| is
consistent with real
eigenvalues

Both EFIE and MFIE
yield spurious modes
EFIE and MFIE with
pulse basis are not
accurate enough to
capture the physical
modes.

CFIE with pulse basis
yields promising yet
degraded results.
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Apply Nystrom Method to Improve Accuracy

fdl [gp k7, 7) alp(r)l Z”fdl [g,,( k77 a¢(r)] z fdl’[gp(k,ﬁi;?,?’)algf,l)

p€far s,

Gaussian—Legendre quadrature to compute integral of far region

Local correction for near region

F fk(r)] qufk(rq) \ E)IIJ(T) Zbkfk(r / |
l _ _ " T wmon
6= |

=—1_
@=[L] & fi(t) commonly

/ Sfdz |ge (k. Tis T,

&
1l

1

Il
Mw
=
=
S —
&
|;|
«Q
av]
—
&=
=
=l
=L
N——
="
Vamun)
=0
p—
| )
Il
=
=
M&
N
S

Ny

_ B — _ _~ .| taken as Gaussian-
L], = fi(m) [Ee= f dl'|gp (i Jes 77 ) fi(7)]| Legendre
5p polynomials

Q

kfk(rq)

-

Il
=
I
_
w

Ng: Number of quadrature points
Nj: Number of Legendre polynomial
Nq =N k



EFIE, MFIE, and CFIE Results: Nystrom Method

r = 0.4a k, = 0.1b; + 0.05b,

1040 T T T T BN
L EFIE - Nystrom
- EFIE - Pulse
1 MFIE - Nystrom v e
1020 MFIE - Pulse ‘ N
I CFIE - Nystrom '
CFIE - Pulse

100 m physical mode

® Nystrom method
significantly
improves the
accuracy of EFIE,
MFIE, and CFIE.

® CFIE with Nystrom
method effectively
rejects spurious
modes on real axis

1060_ 1 | | 1 1 I |

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9
Frequency (c/a)
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Band Diagrams with EFIE, MFIE, and CFIE

07 EFIE 07 MFIE
[1].. | |
0.6 06
g g 0.5 gas
Z0s I E‘ E‘
2 I 5} @
%\ l ;(370_4 ;‘3’0,4
ELOA -T \C K n
= N : 0.3 - 0.3 - —
: i 0.2 0.2
0_2r . " . r M r M K r
CFIE Eigenvalues
07 0.06
os |
5. ot e . * CFIE with Nystrom
a‘ £ .0.02 .
B - method effectively
+ } rejects spurious modes
03 —— .
— on real axis
0_2F " p . T 03 08 04 Dfe 05 055 06 065 07 ™ With CFIE/NYStI'Om,
all eigenvalues lying on
~ ~ ~ real axis are physical
r =0.2a k, = 0.1b; + 0.05b,
1. Tsang L. Broadband calculations of band diagrams in periodic structures using the broadband green's function with low 68

wavenumber extraction (BBGFL)[J]. Progress In Electromagnetics Research, 2015, 153: 57-68.



The Complementary Internal Resonance
Problem

The photonic band problem The cavity resonance problem

\ //.'

. . - “ -
p . - -
™~ -~ ~ ~
L S
> > . Py
TN TN PN
- . e B A
- S~ <
< e
Py o -~
-~ . .. e
L - e
\‘n -~ \“\ - - /"
\‘-\ - ‘\\ 4’,’ ™ ,/'
< e e
A PZaN AN
- -, -
. e . ~ ™
.

- S .
~_ O <
S arN(p,q -
X ."/ *

N G _
Jdl'[gp(k,ki;i?) 1/(;1(1,) -0, FToS"

Soo

dgp (k,%i; T, ?') YT

— - +
on an’]_o' ros

n 99 (kﬁ:”')] W
—iwu on on'

7 approaches surface from inside r approaches surface from outside69



One Stone, Two Birds: CFIE/Nystrom Also
Predicts Accurately The Cavity Modes

10%

1010 -

TEz - Cavity

CFIE

MFIE
EFIE * 100
CFIE - fixed w * 10%° | 7

0.45

Frequency (c/a
Cavity - TEz - High order - Field - MFIE - f =0.34768

05
04
03
02
041

0
-01
-0.2
0.3
-04
-{).5

Spurlous modes

1 1
0.55 0.6

Cavity - TEz - High order - Field - MFIE - f_=0.49107

05
04
041
0
-0.2
-03

PhyS|caI modes

T,

a

X

r = 0.2a k, = 0.1b; + 0.05b,

* CFIE/Nystrom vyields
the physical cavity
modes on real axis

Physical modes
satisfy the extinction
theorem.
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CFIE/Nystrom Applied to Dielectric Crystals: BGF
with High-order Extraction Yields A Non-linear

Eigenvalue Problem

agP al//0(/_3/) i
EFIE: Sj [‘/’ P) o™ ~ & e |
00
1 —1 ag}a Hi1 1al//0(/_)/)
f dp [v/o(p )20 T o 8P 5,
Soo -
0 50, (=Y |
MFIE: Sf v (p) on 8P0(P) |
00
; -
| drf[w(ﬁ’)— i ghu(p)
Soo
CFIE 5 EE_ g o) |, _m
Sf dp [w ") 8 — 3, T Som
_ gp w g Ovo(P) i
Idp[v/(p) TR }+ —iom j

SOO

Necessity to apply BGF with high-order extraction:

0, p - 0°
O O
= o
0. p~0 ®@ | O
a
=0, p - 0 & —
P ‘ Soo | A1
—0. poo0r O F
00, (= |
[ [wO(p ) 2 ohuo(p')
Soo
M0 sy ]




Dielectric Crystal: CFIE/Nystrom Effectively
Rejects Spurious Modes on Real Frequencies

r = 0.2a k, = 0.1b; + 0.05b,

Dielectric - TMz - |[H|]|

100 T T T T T
i MFIE * 10%°
® O O .| CFIE EFIE * 10%° |
10 CFIE - varying w *10%0
- CFIE - fixed w * 10%°
Comsol Simulation
az
Y
G1-0 | O
Soo 1
0 X 100 i~
Geometry of the 2D lattice s ]
10-60 I I I I I I I I
Background: air 03 035 04 045 05 055 06 065

Frequency (c/a)

Scatterer: u,, = 1¢,. = 8.9
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1.5

0.5

-0.5

-1.5

-1 1

Broadband Green’s
3D Problems with 3

A simple case: wire medium

A generalized case: 3D scatterers

-unction in

D Periodicity

Nonlinear vs. Linear Eigenvalue Problem Formulation

Tan, S., & Tsang, L. (2017). Broadband Green's Function with Low Wavenumber Extraction (BBGFL) in 3D
Vector Wave Equations Applied to Arbitrary Wire Medium Characterization. PIERS 2017 Singapore.
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Band Structure of The Wire Medium Using A
Line Integral (3D Demonstration)

1.5

0.5

-0.5

-1.5

+* Thin wire approximation

. L(2)

J(F)=2J (p=ryp,2)= o
0

< Enforce E; () = 0 at the axis of the wires

1 ' ' az ~ 1 '
0 =—%J‘(O)dzlz (Z )(k2 +§jgp (kl.,k;z,z )

_ AU BTN
g (k,k;z,2') = ;LZ dg' g, (k. k7. 7).

+* Demonstration of 3D vector wave
interactions using 1 scalar equation

1 0°). .(= VV). .
1+Fg gpr=2z- [+7 8pZ
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High-Order BGF Applied to Wire Media
Characterization

O Line Integral Equation

__ 1

W&

0

2
YA

I(O)dz’lz(z')[kz +§2 jgp(;;i,k;z,Z')

0% /0z? slows down the convergence rate

U The high order BGF representation with k; = 0

)

2 dk?

£, 0)+(1) 1220

ko:l+é§( — s exp(ik;'a (Z—Z'))JO(

I

v’ converge up to 1/|IEL-,O[|6 v’ Possible for further improvement
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Cubic lattice
L>a -

Connected Wire Medium .

0

-0.5

! . !
1. (Z ) =], exp (lkl.zz ) AL
. \2
2 4 2 A Ly kz_(k;a) i . ;
0= Ak + B+Ck* + Dk* + = k*> —— —J, ([l | )sine((k. & )a/2)
Q ¢ (‘kia‘ _kz) kia
1'6!.,.6-; - Tlg e SN o.. .
- PN, S S
147< 0. .. ev"’e’ s “o L .
DA M It IS  Good agreements with plasma
1.2 ¢ B R L RRAE I N
S PTT E e N homogenization for the lowest
< 1 Sa. 5 band
o L Q. ok .
5 08 Yy @’ O Agree with Belov’s results for
o Ne. e .
8067 Lagas higher bands
0.4 eset T T 9;-3., 1 Extendable to arbitrary wire media
> - I
0.29 -0 - - S o \ ..... o
0=’ ' ' ' "~
0.2 0.4 0.6 0.8 ‘
ka (27) Cirles: BBGFL;

Red dots: Belov et al. 2002
Green dots: Homogenization
Black dash: k = |k
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Disconnected Wire Medium

N
=> 1,p,(z
n=1

2b=D|T-—R'|S+—(L+5,]+ Lzl Rl
A A A A
1
A Y 4
\'\ < /Q/
Ne
L N 7
0.8 S o
. N < (o] (o] P s
Ly S ,
8066 o0 o o N L7 o o o 1
> o N7
2 'S
() 7’ ~
T04r¢ 2.0 N
o ‘ oy
y= 7, ~
& o
0.2r a/ \Q
£ >
o o,
& ™,
0 Vel 1 1 1 1 Y
0.2 0.4 0.6 0.8
ka (27)
O Distinct behavior from continuous wire medium
0 Good agreements with Foldy’s Approximation in

the lowest band except at resonance
BGF predicts an extra band

Cubic lattice .
L<a

O Effective Permittivity from
Foldy’s Approximation

—real

051

effective dielectric constant

0.4 0.6 0.8 1

77 frequency (c/a)



Feng, Z. & Tan, S. (2020). Band calculation of 3D
periodic scatterers using broadband dyadic
Green’s function of vector potential A. NEMO
2020 Hangzhou.

Feng, Z. & Tan, S. (2020). Efficient band
characterization of 3D periodic scatterers using
broadband dyadic Green's function of vector
potential A. APS/URSI 2020 Montréal. (Paper)

Broadband Green’s Function in
3D Problems with 3D Periodicity

The A-® formulation

Nonlinear vs. Linear Eigenvalue Problem Formulation
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E-H formulation vs. A-¢ formulation

E=iwA—-V¢
E-H formulation A-¢ formulation B=VXA
VxE = ioufd V x (iwA — V¢) io(V x A)
Maxwell VxH = —iweE + 7 Vx (VxAd) = —ivsuiod - Vo) + uJ
equation V-D=p V. (i0d - V§) = £
V.-B =0 V.(Vx4 =0
ix (E -—E) =0 7 x [(iodr = V1) — (iodo — Vgo)] = 0
A~ 7 T _ ~ (Vx4,) (Vx4,) B
Boundary nAX ({{1 fIO) 0 e [ o ] =0
condition e By = Bo) =0 e [(Vx4)—-(Vx4)] =0
(D —Dy) =0 ~ .= . =
A (D1 = Do) i o\ [e1(iod; — Vé1) — so(iodo — Vdo)] = 0
V.4 = iouep Lorentz gaug
Wav_e VxVxE- ouE = iou Vi + I = -+
equat'onvxvxfl—wzugH:VxJ VxVxA-VW . «4-kA4A = ul
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3D periodic structure: Dyadic Green’s
Function in EFIE

For source free region VxVxE-wuE = 0

V xVx G#HF) - 0?usGF, 7)) = 16(F — 7')

.

. I dr'G(7, 7)) - J(7')

G, 7) = (? + #gp(f’, )

txy

vy .
Due to the -z operator, the E-H formulation leads to

1. Nonlinear eigenvalue problem;
2. Poor convergence.

The disadvantage will disappear in A-¢ formulation.



The A-® Formulation: Green’s Function and

Extinction Theorem

Wave function of magnetic vector potential A VXVXAFT)—VV-AF) — k2A(T) = u(7)

Define Dyadic Green’s function VXV X 5A(f, Yy —rv. EA(f, 7' — kZ(fA(f, 7 = 1:5(77 —7")

———

5A(f,f’) = Izg(r,r

A (™) + f j as’ [,ug(?, T xH(T )=V g(r,7)x#' x Z(?’)]

Vig(r,7) + k?g(r,7) = —-6(F —7")

S
' + H ds’ [_ﬁ’g(F’F')V' AF)+ v g(FF)A - Z(?')] _ {A(r) T is outside scatterer
S

0

For PEC scatterers (electric potential ¢ = 0 on PEC surface)
Boundary condition AxAF) =0

Lorentz gauge V-A(F) = iweug = 0

T is inside scatterer

_ Zinc(F) + ff dslug(i F,)ﬁ’ X E(F') + 1[ dS’V,g(F, F,)ﬁ, ) Z(F,) _ {
S S

A(F) T is outside scatterer

0

T is inside scatterer
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The A-® Formulation: Surface Integral Equation

Extinction theorem of A j dS’ pugp (k' Ei; T, F,) A’ X E(F,) + f dS' V'gp (k' Ei; T, ?,) ' Z(F’)

S000 S000
_ {A(F) T is outside scatterer

0 T is inside scatterer

Since J.=fAxH

0(?') =n- Z(?')

Surface integral equation ff dS’,ugp( k, k;;T, F ] (r ) + ff ds'v’ gp Eiﬁ, 7') a(?') =0,

iooo Soo0
r—>S°
Unk : surf. ] (7") and ch d
nknowns: surface current ] s (7" ) and charge o (T )

Basis function: RWG Roof-top

W.C.Chew, “Vector Potential Electromagnetics with Generalized Gauge for Inhomogeneous Media: Formulation,” Prog. Electromagn. Res., vol. 149, pp. 69-84,2014.



Solve SIE with RWG/Roof-Top Basis Functions
and The Galerkin method

M B
R§present surfgce curr.ent J(F) = Z NG
with RWG basis function =1 Region
L2
l
75 (r—7r,) rinregionl
]_n (7) = ll Reglion
2—52(7‘3 —7) Tinregion?2 )

Apply Galerkin’s method

Z ffdr] ) - Z ffd?‘ ,ugp k ki T ] (T)]n+2 ffdr] (¥)- Z ffdr snan(r)VgP 77)
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Apply BGF in 3D SIE

P — —t , ] = = = —t N
Matrix Form of SIE |4+ R(, )W (k,i§)R (iS,7)]1j + 1B + R, )W (k,i§)Q (i§,7)]
— = — —t - — = — —t
C +VEE W (K, iER (E,7)]] + D +VEE W (k,i&)Q (if,7))]
W is a diagonal matrix [W(k,i©)] TS —1[A(LE)]
@ exp(lka )
L [R(lf T) ma \/— ffd |k |2+§'2)
R,Q andV are
related to spectral o
series of BGF [ exp(iky - T)

Ve ) = %ﬁsf AT 0, ()7

5(1’5,7)] - dr o, () (ike)
na \/ﬁsn

(lkq|? +¢2)

exp(iky + T)
(lkql? +¢2)

%l

]|

ol

ol



Convert SIE into A Linear Eigenvalue Problem

Define b = W(k, i©)RT(i&, 7 )uf + Wk, i&)Qt(i&,7')5 i
) 2 k)b )

— AiOb + R (i 7Y ot(ie 7Y
[W(k,i8)] b = [AGE, k) — AGE)|b = RT(i&, 7 )uj + Q1 (i&,7)s AGOD +[R1(iE,7) Q7)) [s?]

juj+ ?s‘+§(if,?)5 =0 — [M_]_] - z E -1 E(if,ﬂ‘ 5
= = =  _ _ 5 C D V(if,?)
Cuj +Ds +V(i&r)b=0
Linear eigenvalue problem A(i&, k)b = Pb
- =1"1|= . _
=1 - [RT(.7) a4 B |2 r)]
C D V(i&, 1)
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Surface Unknowns and Modal Fields

Eigen-frequency from A== 1 -
eigenvalue $5+k

— —-1|=
S}lrface unknowns from [W_] - F =17 R, ;)‘ .
eigenvector sl 1= = = -

¢ bl |vae#

Computing modal fields

f dS’ 1gp (k,Ei;?,?’)jS(F’) + ﬂ ds' vV'gp (k,Ei;m’)a )
Sooo_ So000
_ {A(F) T is outside scatterer

0 T is inside scatterer

This equation can also be used to distinguish physical modes from nonphysical modes.



The BGF A-® Formulation: Band Results

10—100

IHIl
— —— — Eigenvalue | |

I

I

I

:

I

10—150 L :
I
I
|
I
I
I
I

T

10—200 - | :

|

|

|

|

|

|

|

10—250 | 1 i :
0.7 0.75 0.8 0.85 0.9 |f _ f |
n,COMSOL Nn,BGF

Frequency (c/a) error = X 100%

fn,COMSOL

COMSOL | 0.731867 0.846267 0.859433 0.868633 0.952367

BBGF 0.72631 0.84985 0.86093 0.87079 0.96087

Error(%) 0.76% 0.42% 0.17% 0.25% 0.89%

87



Tan, S., and Tsang, L. (2019). Band structures and modal fields in topological acoustics: an integral
formulation. APS/URSI 2019 Atlanta. (Paper)

Tan, S., and Tsang, L. (2019). Efficient characterizations of topological acoustics using the broadband Green’s
function. PIERS 2019 Rome.

Topological Acoustics

BGF in Combined SIE and VIE
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Topological Acoustics

[llustrations courtesy Yang et
al. PRL 114: 114301, 2015.

- Rotation induced one-way edge states

- Can apply the broadband method to characterize the band diagram and modal

solution
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The Governing Wave Equations

lllustrations courtesy Yang et
al. PRL 114: 114301, 2015.

= The sound master equation V =V T —
1 _ 1 _
—V-pVCI)—(g+vO-V)—2(Q+VO-V)CDzO
o, ot c \ ot

= Boundary conditions:

n-vbo=0, r=rn

®,7n-VO continuous at r =r,

®: acoustic velocity potential

= Harmonic wave equation
Assuming p and c are constant, and |7, /c| < 1,

r

[(V—zﬂ)z +k2}D =0 A(k;f):—km




An Integral Formulation

[(V—iﬂ)2+k2}1):0 VO =0, r=r

®,7n- VO continuous at r = r,
lgnoring A - A term
[v2 +k2]c1> —i2A-VO

V& g (7. F)=-5(F - F)

Formulate integral equation outside the scatterers

COO

d—'CDagP ” g,i24-V'O+®(7), r<r<r

lllustrations courtesy Yang et
al. PRL 114: 114301, 2015.

where gp(k,lgb;F,F'):Zg(k;7,7+1§mn)exp(il;b -Emn)

The broadband Green’s function technique can be used to compute gp.



Deriving the Band Solution

dF'CDagpzﬂ drg,i2A-V'O+®(7), n<r<rn

Coo on' R<r<r,

- Discretize the integral domain with 037 AL ’
triangular patches 02f g i ngﬁ

- Apply Method of Moments to solved the 01} X E’A
coupled volume surface integral equations ol }1%
with piece-wise linear (roof-top) basis 0] / "
functions 0z %) : AW _

- Convert the integral equation into a non- o5 év _
linear eigenvalue problem o

Z;Zm@n =0 Z(A)®=0
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Solving the Non-linear Eigenvalue Problem

= The governing non-linear eigenvalue problem

Z(A)®=0 D =0

" To solve for the eigenvalue det(Z(ﬁ)) =0

" To solve for the eigenvector E(T) — 0D D=0
Thus we are solving the linear eigenvalue problem
Z® =10

And looking for the eigenvectors corresponding to eigenvalue 0.



Band Diagrams and Modal Solutions
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The Foldy-Lax
Multiple Scattering
Theory



Scattering from A Single Scatterer
and The T-Matrix




p€V1
/_))EVz

p€V1
/_))EVz

The Extinction Theorem

- =/

v1(p) - l//inc(ﬁ)—js [g 3. p)8W1(P) (_,/) Ggl(P p) J

/J \\

0 , . 063,78
b= [ [g(pﬁ)allfz(/?) (p)agxpp)J
ya(p) | 78
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Represent Scattering Fields with Cylindrical
Wave

l//s(p) — dﬁ l/fl(p ) gl(p/ p) - l'Ijl(lp )
v an 8n

-/ -
gi1(p;p)

el e i B i
—.SdB[WI(p)WZHé (k1|P—P |)—TZH(() (ki|p—p |)J

Addition theorem:

Hf)l)(kl |l_7)/ —77)|) =2 nl 77)/ |)€_m¢3’H,(ql)(k1 |/—5|)ei”¢3



Represent Scattering Field with Cylindrical
Wave (Cont)

- / —/ ] - 0 - -
v(P) = jsdﬁ[wl(p)%ﬁlfél)(kdp—p - wal(f)) ZH(”(k1|p—p/|)J

-4l f[wl(p> S g HY e

n=—00

—/ o0
al//(p) ZJ (klp )e m‘b_./H( )(k p) zn¢_,:|

n=—aoo

- ing_, 1 —ing _,
= Y Hy(kip)e ¢Pﬁjsdﬁ [W(P) - Ju(kip)e 7 -

n=—00

v(P) =37 _ayHy (kip)e™r

o = %Is dﬁ’[l/jl(ﬁ/)ﬁJn(klp/)e_md)ﬁl B 61//1(/))] (klp )8 znqﬁﬁ,jl



Scattering from a Single Scatterer-
Definition of The T-matrix

/’__\__:_\\C vs(p)
< PP N

U4
~. -’ i
SN ———

¢ ; / —/ —ing _, 0 3’ —ing _,
ay = 4 [ B | i) 2Ttk = 2B ey pye |

0y ,

on/

How to calculate ¥(p’) and
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Approach I:
Surface Field Calculation by SIE Method

Wine — J~ d_, |:g1(p B/) 81//1(p) — (—>’) 8g1(/_))7))) =0 ,B/ on S- '
- Vl
| dp [gz(p B) a‘“(p) ~v2(3) agzéffﬁ) — 0,3 on S S
_ 1 1
Boundary condition: V1= pr= - P2 = 55, TE (H)

Ll S L O
P17, P25, Pr = pz—,le’TM(EZ)

YN, !\ 8g(B:3 —/ _
SIE: l//inc—j [gl(/? p) Wl(p) —yi(p) gl(p,p) } =0,p on§

- —/ —/\ 0 ] —
Isdﬁ[gz(pp ﬁ;% y1(B) 2L | =0, on §*

Matrix equation: oy (3

on' [ l/_/i'nc :I
/ l//l(l_))/) 0

MOM(pulse), Nystrom ... -

N
Il




Approach I
Surface Field Representation with The Extended
Boundary Condition (EBC) Method

Extinction theorem

-’ '\ v o (
vieB) = [ B | 1B Ly (3) BELL | B e 7

Addition theorem

- > 0 - ing ., = —in(/ﬁ_/,
) = 4 EL B 7 e < 7D

Expansion and Eliminate Jn

*. , ) L= i Ly - D —/
D aiedu(kp)e = fS dp [ﬁ > k| HP (K| B e wvi(p)

on'

n=—00 n=—00

—y1(B)

0LY" gk BT HO (K| |)e_i”¢,7 }
on'

T
. ! . — 8 1 0LHP U |B e P
aic = JSdB |:% 5}1)(]{1 ‘)6‘ ol '#*'1(,9) _WI(B) 4 ;Lf | . Vn



Relation between The Incident and Total Field
Coefficients

cn cn

—ing_,
. Py —ing_, o 1 0LHV kB e F
mc _ I d_) |:%Hf(fl)(kl|3 |)€ ) CWE(iO) _WI(B) 4 lﬂl. | . Vn

Represent internal fields Apply BC
= A (k2 p)e™?
V2 WEO (k2p) W=y
TR S o TP an
Relationship of a!™®¢ and a,,

on' on'

/ 0 mg! oL HD (k) phyeind!
a;lnc = Zm:—oo a, jsd/_)) |: H( )(k p) —ing' P2 OJm(kpp')e™ —Jm(kzpl)elm¢ 4 1p)e , N2

In matrix form ;7 Pa
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Relation between The Scattering and Total
Field Coefficients

From before:

\
an__

4 J

4 J

_pP2
P

Py

d73/

m=—00

V1B Tulkip))e
n

DY andulkap’e™

M=—00

O (kap')e™
" on'

Relationship of a;, and a,,

0 i / imd' —ing _,,
ay=23._ . amzjsdﬁ [Jm(kzpl)e P Ty (kipe 7

In matrix form

—ing _,
P —

0. (kiphe ™7

on'

& =

on

Jukrpe ™7 J

\»l]

WAL) ke

P2 mlkaphe™

Pl

ing _,,

on'

Jn(klp/)e_md)ﬁ/ J



T-matrix Calculation with Surface Field
Derived from The EBC Method

a'™ and a,, qne Pa

P,, = 4J‘ |:H(1)(k p) —ing' Pz 8Jm(k2,0/)€’m¢ —Jm(kzp/)e

on
as and a, a’ = Qa

. Y —ing _, ; Neimd!
Qnm = fjsdﬁ/[.]m(kzp/)ezmd) %Jn(klp/)e ¢/_5 _ D2 Omkap)

Pl

S @}:)_lainc
T-0pP

Chew, W. C., Waves and Fields in Inhomogeneous Media, Van
Nostrand Reinhold, New York, 1990.

on'

im¢' OH" (ky p'ye

/ .ol
on' :|




Comparing SIE and EBC Approaches

0.02 ,"/—_“\\\\
For a cylindrical PEC structure of i Q !
-0.02 . ,"ll

y(a)

-0.04

‘@
S o spronch | Tmatnie aprose
Minimum order required 3 3
calculating time (s) 0.292 0.011
Required fraction 300 20

——MOM

= = =T-matrix method(EBC)

cle

Scattering field results
comparing with MOM

field inthe cirt

0.1 ; : : 0 0.05 0.1 0.15 0.2
0 0.05 0.1 0.15 02 length(m)

length
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Comparing SIE and EBC Approaches (Cont.)

0.04

0.02

For an semicircle PEC structure S Q

-0.02

-0.04
-0.04 -0.02 0 0.02 0.04
X (a)

_ Tmatrix-EBC approach | Tmatrix-SIE approach

Minimum order required 17 5
calculating time (s) 109.18 0.031
Required fraction 4000 60

0.7

0.6

0.5

Scattering field results
comparing with MOM

0.2

din t

0.1

0 0.05 0.1 0.15 0.2 "o 0.05 0.1 0.15 0.2
length(m) length(m)
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Comparing SIE and EBC Approaches (Cont.)

0.04

For an ellipse PEC structure @

0

y (a)

-0.02

0.04
0.04  -0.02 0 0.02  0.04
x (a)

_ Tmatrix-EBC approach | Tmatrix-SIE approach

Minimum order required 5
nimu qas Limited applicability: not
calculating time (s) converge in the selected 0.026
dinat
Required fraction coorainate 50

20

—MOM
- = =T-matrix method(SIE)

—MOM

- = =T-matrix method(EBC)
15

le

Scattering field results
comparing with MOM

10

field in the circl

0 0.05 0.1 0.15 0.2 "0 0.05 0.1 0.15 0.2
degree degree
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Scattering from Multiple

Scatterers and -

Multiple Scatter

ne Fo

ing Tk

dy-Lax
eory (MST)



From Extinction Theorem to Multiple
Scattering Equation (MSE)

peVi vi(e) | Lo _,[ _n 921(p,p") o 8[//1(73’)}
Sev, 0 }w (p)+Zp:ijdp v1(p) P 21(p,p) P
— _n921(P,p’ NP
=j dp |:‘//1(P) $1P.p) —gl(/o,p)Lf))}+
c, on on

v+ X[ ap | ) LR g, ) P |

p*q

I |
; vy (P) v (P)
-------- P

N
S

T ﬁ!,,f a Foldy-Lax MSE:
< ] o _
Sub? VEP) = ) + ) ¥50)

pP#q

~
S e
il S——




Foldy-Lax MST: Key Relations

VP = @) + ) PP)

p#q
Vi@ = [ | v ) B~ () P |
- [ [ ELED ) PP a"”(”) L,
[ 45 ) g (p,p) S 51// (p’)
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Multiple Scattering Eqn Governing a®*

VEB) = 7 assuk|p—p, )"
. inc(wm) — mc m‘/’ﬁﬁq

e () = PIne(p) + zlpg(ﬁ) + y"(p) an S n (k|p |)e
p#q vy (p) = Z::_Oo af,,nHz(a (k|p -p, |) o "97p,

P =, e

N ZJl(k|p Py |)ell¢p Pa H( )(k|/_)p —- P, |)e—i(l—l’l)¢pp_pq

[=—x

y

¥

ag’fn = agfﬁ + qutq ZZ_OO az’an_lzl(k|pp _ pq |)e—i(l—l’l)¢pp—pq

7S — 7 =ex
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MSE Governing a®*: A Green Function Formulation

Vi@ = v P+, [ 4P| v B —gi(.p) T |

'|'
¢p.p) = L1 kdlp-p)

v/‘e]x(p) _ Zn— aq n'] (k|p pq |)em¢ppq e —ilp_: 1 il
= T2 Jik|p' =p, e " H (k| p -, e
ye(p) = 3 aiea(k|p—p,|)e"™ =

v, (p) = Z;o:_oo af,,nH,(q )(k| p-P, |)em¢pﬁp ZJ,(-)e PP

[=—0

—i(n-D¢ ,
o ZJ(-e B, e

Hiy' (kb)Jw (kb) — Hu (kb)J,, (kb) = -2

¥

agn = agi + Zp:tq Z:—oo af?ﬂHg—lZz(k |/_3p - pq')e_i(l_n)d)pp P

=S5 T - EXx
+ a, = Tpa,



Liao, T.-H., Tsang, L., & Tan, S. (2021). Broadband Green’s Function-KKR-Multiple Scattering Method for the Calculations of
Band Structures in Topological Acoustics. APS/URSI 2021 Singapore. (Paper)

Tsang, L., Liao, T.-H., & Tan, S. (2021). Calculations of Bands and Band Field Solutions in Topological Acoustics Using The
Broadband Green’s Function-KKR-Multiple Scattering Method. Prog. Electromagn. Res., 171, 137-158.

Gao, R., Tsang, L., Tan, S., & Liao, T.-H. (2021). Broadband Green’s Function-KKR-Multiple Scattering Method for Calculations
of Normalized Band Field Solutions in Magnetic-Optics Crystals. J. Opt. Soc. Am. B, 38(10), 3159-3171.

Gao, R., Tsang, L., Tan, S. & Liao, T. (2020). Band calculations using broadband Green’s functions and the KKR method with
applications to magneto-optics and photonic crystals, J. Opt. Soc. Am. B, 37 (12): 3896-3907.

Scattering from Infinite Periodic
Scatterers and Band
Characterization

The BGF-KKR-MST Approach

114



Foldy-Lax MST Applied to Periodic Scatterers

Vi@ = v P+ 3, [ 4P| viP) B —gi(.p) T |

//W 7~ 1 2 )

Apply Bloch Theorem: /1 /|

A A

i / I oo C/ 1A (/
Deflne the ) gR(/_)) /_)) ) — Z gl (/_)), l_)) )elkb'RPq \*""lh;dch-m

residual Green’s P —~ —

- pq+00 /) // )

function /|

= o = - -
= gr(k: BB ) - 213 B)
The governing multiples scattering equation

Vi (P) = v (@) + [ | (@)L — gu(p.p

81// (p )
) 00 i|
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The Korringa-Kohn-Rostoker (KKR) Formulation

ex (= inc (= —= s (= 22r(P.p' — =\ W)
Vi@ =y @+, dp/| o (p) L) — gy(p,p') 2P |

- —f
gr(p,p) = 2,

- —f TP - - —/ — —/
q+00 gl(p,p)e’kb‘qu - gP<kb9 pap> B gl(pap)

+

l//ex ([—)) = Z;oz—oo aflin(kp)eimpp gR(B, B’) _ ZDIJl(kIB _B’ |)eﬁ¢ﬁr
] 0 ; e [=—m
ye(p) =3 anJa(kp)e™ . » |
= 3"D,Y " Jukp)e™,, (kp')e itDd
v () = X, ayHy’ (kp)e™?

4 Hiy' (kb)J  (kb) — Hy (kb)J,, (k) = 2L

a* = Ta® 0
¥ O

<7 + 415?)% = g™c O

&
&
(/)

cell|
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KKR-BGF-MST: Evaluation D; in the Residual
Green’s Function with BGF

Assuming p’ to be 0 gr = ZZ_OODIJI(H/—;DQZ-J%

[ gr(B. B e ™dp = [ Du(k|B|)e™sebdp = 2nD,d (k| B)

21 N imd
[ ar G50 mag

D = 2w (k| B|)

BBGF with sixth-order convergence and imaginary extractions

g (k,ki,p) = gV &, ki, P) —

E2 + k2 spa (E2 + k2 eil_cpq D
gy’ (i&, ki, p) + Z Z
28 dét P— <|klpq| + &2 > ipg|* —

This allows efficient evaluation of Dm(Ei, k) as a function of k over a broadband.



KKR-BGF-MST Applied to Characterize
Band of Gyromagnetic Photonic Crystals

Without external DC field With external DC field
1 A -
——————~_ e
o8F — SN / — 08} \““‘R-//
éo.a- %o.a- — o
%2 oal i g 04} e
S vl N 2 T
" 02 // h 02 - N
Or X M . 0r X M r
9 e e r = 011&
81 = 1580
@ | o] o 14u, 12.4iuy, O

p=|—124ipugx  14pu, 0

a;

® © O
1 Soo aq 0 0 Ho
O x

Gao, R., Tsang, L., Tan, S. & Liao, T. (2020). Band calculations using broadband Green'’s functions and the KKR method with
applications to magneto-optics and photonic crystals, J. Opt. Soc. Am. B, 37 (12): 3896-3907.
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absolute value of determinant

KKR-BGF-MST Applied to Characterize Band
of Acoustic Crystals with Rotating Fluid .~/

——————————————————————————————————————————————————

10*

(1,1) cell

,,,,,,,,,,,,,,,,,,,,,,,,

102.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

0L
10 W

(0,0) cell

CPU Time Comparisons for computing Band
1[0 S G S | eigenvalue frequencies. Ny, = 4, Ny, = 4
05 052 054 056 058 06 062 064 066 g q Spa ’ Spe

normalized frequency
s - D, and det (P)
e e (milliseconds)

’ - Ay
7 e RN Ny
! - - \
/ 4’1 p ., \ Freque.ncy
i 1 Y \ scanning
I [ i |
! 1 ! : Frequency
1 \ ¥ .
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Tsang, L., Liao, T.-H., & Tan, S. (2021). Calculations of Bands and Band Field Solutions in Topological Acoustics Using The

Broadband Green’s Function-KKR-Multiple Scattering Method. Prog. Electromagn. Res., 171, 137-158. o



Represent D,, in Lattice Summation

2r N N
_[ 0 gr(P.p =0)e"™dg

grlhkn; p,9) = X5 o THy (k| B = Rpy |)ertm
2nSm (k| P 1)

. 2

HY (k| B~ Rog|) = X7 Julk|B|De™ HL (kRpg)e ™% for |B| < Ryl

Dy,

.[(2)7[ Zp lH(()l)(kO |7 — Ry |)eﬂ;b°ﬁpqe_im¢d¢

D, (k) = 00 4
) 21 (kp)
= % quqtoo Im (kp)H’("l) (IRpq |)e_im¢kp" e*oRoa o D
2nd wm(kp)

LS H R
pq+00
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Rediscover D,, in Foldy-Lax MSE Applied to Perlodlc Scatterers:

Another Formulation of The KKR MSE —
& C' &
V6 (B) = Wit (D) + 22,00 Via(P) %, C =i
‘I‘-O‘na;zjiﬂ — | x
va®) = X7 agu(kp)e™ NN

- o0 . . H(l) k— _R eil(plj*]_?pq
W6n()c(p) = woelkbop = z i azncjn(kp)enw) oi ( |P pq|)
= Y Ju(klpl)e™ H.Z (kIR pg[)e "2

Wq(P) = Zl —0 g, IH(I)(k“_) _quDem%_qu + 7 n=—o

“ —  BlochTheorem a3 ; = ale’kb “Rpq
ex __ inc 0 s Db —i(n-D¢% ik, R
dp = dp + Z[:_oo a; quthO H;(fz—l(k|RP‘Z|)e rae b

Realizing

1 im i
Dy(k) = L3 oo Hn' (Rpglye "% eorfin

(1+4DT) 7= - &

) -

—4iDs W & = Ta™
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Feng, Z., & Tan, S. (2022). Characterization of One-Way Edge Modes at the Interface of Topological Photonic Crystals
and A PEC Wall Using the Coupled Integral Equation - Foldy-Lax Multiple Scattering Method. PIERS 2021
Hangzhou.

Feng, Z., & Tan, S. (2021). Topological Edge-Mode Characterization Using Foldy-Lax Multiple Scattering Theory and
Interpretation with Classical EM Theory. APS/URSI 2021 Singapore. (Paper)

Feng, Z., & Tan, S. (2021). Modeling Reflection-Free One-Way Edge Modes Using Foldy-Lax Multiple Scattering Theory.
ACES 2021. (Paper)

Scattering from Finite Periodic
Scatterers: Topological Edge State
Characterization and
Interpretation

MST generalized to handle boundary

Edge modes and the robustness
Interpretation in terms of Green’s function and waveguide theory

Dispersion of edge modes

122



Apply Foldy-Lax MST to Characterize Uni-directional

Edge States

Edge state confined by two crystals

Structure

15

Alumina

Source
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186

—. l
Inc — _

Foldy-Lax MST

lnC + Z l/)q
qip

Ho (k| -

5inc | )

P4

D, Tnonl ) (k[ =7,[) exv (s,

Nmax Mmax
z oI (k[p = 5,|) exp (ingp5,) = Yine + Z
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T matrix of a cylindrical scatterer of gyromagnetic
material

Nmax
W) = ) anfakplexp(in(d - ¢0)i"
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Generalize Foldy-Lax MST to Handle Boundaries

Edge state confined by one crystal and a PEC boundary

Structure
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Existence of the boundary complicates the excitation field on a scatterer.
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The Hybrid MST-SIE Approach: Handling
Additional Scattering Fields from Boundaries

e Solve surface field on boundary with MoM

* Expand scattering field from boundary as cylindrical waves
centered at the reference scatterer
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Modified Foldy-Lax Multiple Scattering Equatlons
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Results of Edge States at The Interface of
Two Photonic Crystals

Foldy-Lax MST Comsol
time =0 T x107 [ ' : : = o
15 05 m
| 04 301 1 0.5
25r A 0.4

Method Foldy-Lax COMSOL
Unknowns 80*5=400 64854(mesh) 80*30%2=4800
CPU time 0.245+2.695=2.93s Os 10021.5s+361.6s=10383.1s

Z. Feng and S. Tan, "Modeling Reflection-Free One-Way Edge Modes Using Foldy-Lax Multiple Scattering Theory," 2021 International Applied Computational Electromagnetics
Society Symposium (ACES), 2021, pp. 1-4, doi: 10.1109/ACES53325.2021.00010. 128



Results of Edge States at The Interface of
A Photonic Crystal and A PEC Boundary

Foldy-Lax MST Comsol
x10™® [’ ' T
m
o 8t |
" time=0T . 7L J 15
6 |
1 5F . 1
10
at ]
= = 0.5 oL |
HDDE.!Q" A s. L] 10.5
5 SERERRS L St 3 , 2 SEETEESE It s
R e 1r ririiiiiiine 10
0 A O e 05 -
-1t
-1 -2— '05
-5 -3t
15 At -1
B ] B 10 15 20
-5+
-6 | ) ) ) ] -1.5
-5 0 5 x107%m
Method Foldy-Lax MST COMSOL
Unknowns 525 240810 (mesh)
CPU Time (s) 3.2+12.8=16 25

129



Robustness of The Topologically Protected One-Way
Edge States
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Green’s Function: The Point Source Response in
Photonic Crystals

YIG crystal Alumina crystal

time=0T time=0T
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® The wave rotates counterclockwise in the YIG crystal;

® No rotation behavior in the regular alumina crystal

® Wave can not propagate in both crystal;

® Alumina crystal acts like total reflection interface like PEC.
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One-way Edge Mode Interpretation in terms of The

Green’s Function and The Waveguide Theory
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® Waveguide cut-off frequency f, increases as the distance d decreases.

® When the operating frequency f is above the cut-off f. , propagating modes are excited and

can propagate along both directions.
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® When f < f., wave is unidirectional due to the rotational wave behavior in the gyromagnetic

crystal and the reflection at the interface from the other side.
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Simultaneous Dual Unidirectional Edge

Modes at Different Frequency Bands
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Dispersion Relations and Duplex Devices

Total field - Mag - fn =0.552 Total field - Mag - fn =0.62
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+ COMSOL - Right
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0.66 -

| ] »  Working towards extracting dispersion
fn o o relations numerically from edge mode
A A AR 7 calculation.
08| . * Exploring ideas to design duplex
°%er ] connecting devices supporting
unidirectional wave-guidance along
both ways at different frequency bands
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The Periodic
Grating
Scattering
Problem



2D1D problem vs 2D2D problem

2D2D SIE A1 A1

Vine + [ dp ()PP~ 0 5 on Sy TE L
A ! = = ) .7 — ( CX C/
gP(P;,D ) = Zg(p;p + qu) exp(lkb . qu) = — =
P4 N/
2D1D SIE
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Vine + [ dp'w(p)) =5 7= = 0p' on S; TE D .
. pneave @ N\
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Efficient and accurate modeling of 2D1D arbitrary
shape periodic gratings scattering

Integral equation based method

Arbitrary scatterer, accurate near field

Evaluation of Overcome
Quadrature periodic Green’s internal
function resonance
plane wave \\ i
_____________ ] Imaginary Over-
s\ Nystrom wave- Laplace

determined

\< . approach number transform testing
\\ . v extraction
Multiple scattering theorem

Arbitrary scatterer, sparse configuration, efficient

T-matrix of arbitrary scatterer Foldy-Lax MST

KKR, BGF-KKR
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Evaluation of periodic Green’s function

Imaginary wave number extraction technique
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Transformation method
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Evaluation of periodic Green’s function-Comparing convergence
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Inaccuracy due to internal resonance
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scatter profile

Over-determined testing scheme | I
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Multiple scattering theorem method
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Calculation of periodic Green’s function
coefficient D
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Using addition theorem for periodic Green’s function in spatial domain
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For Lattice Summation:

Yasumoto, Kiyotoshi, and Kuniaki Yoshitomi. "Efficient calculation of lattice sums for free-space
periodic Green's function." IEEE Transactions on Antennas and Propagation 47.6 (1999): 1050-1055.



Transmission spectrum and surface field of cylindrical structure

Transmission spectrum

0 degree incidence

89 degree incidence

Odegree 2GHz

89degree 1.05GHz
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Transmission spectrum of semi-cylindrical structure
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Comsol near fields with port length
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Comsol results change with the ports distance for the influence of evanescent modes.
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Near fields distribution ﬂ
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Summary
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