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Periodic Structures
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Joannopooulos et.al., Photonic Crystals, 2008
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Natural Periodic Structures
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Courtesy: optoelectronics.eecs.berkeley.edu

peacock feathers butterfly wings

These beautiful colors are results of light interactions 
with natural photonic crystals.



Engineered Periodic Structures

4

Courtesy: optoelectronics.eecs.berkeley.edu
Schurig et al., Science, 314:977-980, 2006

Photonic crystals in optical fibers

Metamaterials in cloaking

Yu et al., Science, 334:333, 2011

Meta-surfaces in planar optics

Engineered Electromagnetic Materials controls the 
propagation of EM Waves in microwave and optical devices.   
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Band and Mode Characterization
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With BGF, we formulate the highly-resonant multiple 
scattering problem using surface integral equations; 

We then convert the SIEs into a tractable linear 
eigenvalue problem of a moderate size.



The Governing Equations
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𝛻2𝜓 ҧ𝜌 + 𝑘0
2𝜀𝑟 ҧ𝜌 𝜓 ҧ𝜌 = 0

𝛻2𝑔 ҧ𝜌; ҧ𝜌′ + 𝑘0
2𝑔 ҧ𝜌; ҧ𝜌′ = 𝛿 ҧ𝜌 − ҧ𝜌′

Bloch theorem:

Wave equation:

𝜓 ҧ𝜌 + ത𝑅 = 𝜓 ҧ𝜌 exp 𝑖ത𝑘𝑏 ∙ ത𝑅

ത𝑅𝑝𝑞 = 𝑝ത𝑎1 + 𝑞ത𝑎2

Green’s function:
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Periodicity: 𝜀𝑟 ҧ𝜌 + ത𝑅 = 𝜀𝑟 ҧ𝜌

Extinction theorem:

෍

𝑝,𝑞

න
𝐶𝑝𝑞

𝑑 ҧ𝜌′ 𝑔 ҧ𝜌; ҧ𝜌′ ො𝑛′ ∙ 𝛻𝜓 ҧ𝜌′ − 𝜓 ҧ𝜌′ ො𝑛′ ∙ 𝛻𝑔 ҧ𝜌; ҧ𝜌′ = ቊ
𝜓 ҧ𝜌 , if ҧ𝜌 outside scatterer
0, if ҧ𝜌 inside scatterer

=෍

𝑝,𝑞

න
𝐶00

𝑑 ҧ𝜌′ 𝑔 ҧ𝜌; ҧ𝜌′ + ത𝑅𝑝𝑞 ො𝑛′ ∙ 𝛻𝜓 ҧ𝜌′ − 𝜓 ҧ𝜌′ ො𝑛′ ∙ 𝛻𝑔 ҧ𝜌; ҧ𝜌′ + ത𝑅𝑝𝑞 exp 𝑖ത𝑘𝑏 ∙ ത𝑅𝑝𝑞

= න
𝐶00

𝑑 ҧ𝜌′ 𝑔𝑃 ҧ𝜌; ҧ𝜌′ ො𝑛′ ∙ 𝛻𝜓 ҧ𝜌′ − 𝜓 ҧ𝜌′ ො𝑛′ ∙ 𝛻𝑔𝑃 ҧ𝜌; ҧ𝜌′

𝑔𝑃 ҧ𝜌; ҧ𝜌′ = ෍

𝑝,𝑞

𝑔 ҧ𝜌; ҧ𝜌′ + ത𝑅𝑝𝑞 exp 𝑖ത𝑘𝑏 ∙ ത𝑅𝑝𝑞

where

Lattice Green’s function:



What Makes it Possible? ---- The Hybrid 
Representation of the Lattice Green’s Function
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Features & Advantages of the Broadband 
Green’s Function
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Spatial series Spectral series

▪ Exponentially convergent spatial series: 
• No frequency dependence
• Represents fast decaying near field interactions
• Diagonal dominant: good condition number in matrix representation 
• Well-studied singularity in free space Green function 𝑔0 ҧ𝜌, ҧ𝜌′



Features & Advantages of the Broadband 
Green’s Function
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Spatial series Spectral series

▪ Fast convergent spectral series: 

• Separable frequency dependence in 1/ 𝑘2 + 𝜉2

• Ready to be evaluated in a broad frequency range of interest
• Represents long range far field interactions: the leading reason for poor 

conditioning of 𝑔𝑃
0

• No spatial singularity at any ҧ𝜌, ҧ𝜌′ pair

• Contains frequency poles when 𝑘 = ഥ𝐾 (light-line dispersions)



Band Characterization Using Surface Integral 
Equations: PEC, TMz
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Linear Eigenvalue Problem Formulation of 
Band Characterization
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Instead of solving det തത𝐿 𝜆 = 0

( ) ( ) ( )
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† 0L q L i q R I D R q  
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Note the pole singularity
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Advantage of the Linear Eigenvalue Problem 
Formulation
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Pb b= ( )
1

†P D R L i R
−

 = −
 

▪
തത𝑃 independent of frequency, thus get all the eigenvalues (bands) of interest 
at once

▪ Size of തത𝑃 depends on the number of Floquet planewaves in the fast 
convergent spectral series 

▪ Contrary to തത𝐿 𝑘 : 

▪
തത𝐿 𝑖𝜉 is of small condition number, easy to invert



High-Order Convergence

16

( ) ( ) ( )

( )
( )

( )
( )( )

( )
4

2 2

2

2 2
0 0 0

2
2 2

0

2
2 2

22 2

, ; , , ; , , ; ,
2

1
, ; ,

8

ex

1

p1

1

P i P i P i

P i

K

k d
g k k g i k g i k

d

k d d
g i k

K

d d

k

iK
k

K


       

 


  

  





 


 

+
  = −

+  
+ 

+


 


+

−
++

−
+




Spatial series: 
exponentially 
convergent

Spectral series: 
very fast 1/𝐾8

convergent

( ) ( ) ( ) ( )
1

†

2
,

1c
R I DL iL R


 

−

+ −= ( ) ( )2R D    =

( ) ( ) ( ) ( ) ( )2

1 1 1 1
,

2 8

c
L i L i L i L i    

   
 = − +



High-Order Convergence & Nonlinear 
Problem Formulation
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H I P 


= −( )det 0H  =

▪
തത𝑃 and ഥഥ𝐻: very small matrix size, simple frequency dependence 

▪
തത𝐿 𝑐 𝑖𝜉, 𝜆 : 

• Easy to evaluate over a broad frequency of interest
• Smooth function of 𝜆, no poles in inversion
• Highly diagonal, good conditioning, and easy to invert 

▪
ഥഥ𝐻 𝜆 : highly diagonal with well-regularized diagonal elements



PEC Scatterer Array: TMz Polarization
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Pb b= ( )det 0H  = ( )det 0L  =

𝜀𝑏 = 8.9𝜀0
𝑏 = 0.2𝑎

▪ Very good agreement; constant band: isolated internal resonance
▪ Linear eigenvalue problem: get all the bands in one short

▪ det ഥഥ𝐻 : yields all the physical bands effectively

▪ det തത𝐿 : difficult to separate zeros and poles when they overlap

High order



PEC Scatterer Array: TEz Polarization
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Pc c= ( )det 0H  = ( )det 0S  =

▪ Very similar formulation, very good agreement, applicable to arbitrarily-
shaped non-penetrable scatterers

High order
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Modal Fields and Normalization
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▪ First term orthogonal to the rest: efficient normalization
▪ First term eliminates Gibbs oscillation in plane wave expansion: accurate



Modal Fields 𝜓𝛼
𝑆 ത𝑘𝑖; ҧ𝜌 : TMz
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𝑓𝑛 = 0.216

𝑓𝑛 = 0.368

𝑓𝑛 = 0.413

𝑏 = 0.2𝑎 𝜀𝑟𝑏 = 8.9 ത𝑘𝑖 = 0.1ത𝑏1 + 0.05ത𝑏1



BBGFL: Modal Method to Construct the 
Broadband Point Source Green’s Function 𝑔𝑆
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Normalized 
Band Solution

Use Band 
Solution to 

Construct 𝑔𝑃
𝑆

Array Scanning 
to Compute 𝑔𝑆

𝑔𝑃
𝑆 in BBGFL

▪ Few modes
▪ Broadband
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𝑔𝑃
𝑆 in Band Solutions with Improved Convergence
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▪ 𝑘𝛽 and 𝜓𝛽 ҧ𝜌; ത𝑘𝑖 : function of geometry, 

independent of 𝑘

▪ Convergence up to 1/𝑘𝛽
4 and 1/𝑘𝛽

6 with 

1st and 2nd order extraction, respectively
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𝑔𝑃
𝑆 𝑘, ത𝑘𝑖; ҧ𝜌, ҧ𝜌′ : Periodic Sources
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𝑓𝑛 = 0.2𝑓𝑛 = 0.1 𝑓𝑛 = 0.4

Tan and Tsang, JOSA B, 34(7): 1450-1458, July 2017

ത𝑘𝑖 = 0.1ത𝑏1 + 0.05ത𝑏2

𝑔𝑃
𝑆 at several wavenumbers using determined band solutions

❑ Truncating modal series with 𝑘𝛽 ≤ 3𝑘 yields errors less than 1%.



Obtain 𝑔𝑆 𝑘; ത𝜌, ത𝜌′ from 𝑔𝑃
𝑆 𝑘, ത𝑘𝑖; ത𝜌, ത𝜌

′ by 
Integrating ത𝑘𝑖 over The First Brillouin Zone
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▪ 𝑘𝐿 in mid band-gap or imaginary: 𝑔𝑆 𝑘𝐿 computed by truncating the arrays around 
source

▪ When 𝑘 in passband, apply singularity extraction, leading to smooth integrand
▪ Rapid convergence in band summation
▪ One 𝑔𝑆 𝑘𝐿 , many 𝑔𝑆 𝑘



Green’s Function 𝑔𝑆: Point Source, 
Broadband Calculations 
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𝑓𝑛 = 0.2 (stop, close to edge) 𝑓𝑛 = 0.4 (stop, edge)𝑓𝑛 = 0.1 (stop)

▪ Fields localized: in stop-band
▪ Fields extended: close to the band-edge 
▪ Passband: modal method to be worked out



The Critical Role of Green’s Function

• Green’s functions are impulse responses. Once the Green’s functions 
that satisfy boundary conditions are obtained, the electromagnetic 
boundary value problem is solved.

• We consider Green’s function of periodic scatterers where there are 
infinite boundaries.

27
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Apply 𝑔𝑆 to Solve Scattering from Bounded 
Periodic Structures
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▪ 𝑔𝑆 satisfy boundary conditions on 𝑆𝑝
▪ Only discretize and solve the equivalent 

currents on the enclosing boundary
▪ Accurate and low cost
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Scattering from a Half-Space of Periodic 
Scatterers with 𝑔𝑆: SIE only on Interface
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▪ Results successfully capture near 

field patterns around the interface



Localized Defect in a Periodic Lattice:
SIE only on Boundary Enclosing Impurity
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▪ Impurities alter field localization patterns around excitations



The Broadband Green’s Function technique : A 
Solution to Three Challenging Problems

Green’s 
Function and 
Scattering of 

Periodic 
Scatterers

Point 
Source 
Green’s 

Function

Engineered 
Periodic 

Structure 
&  Physics

Band 
Structure 

and Modal 
Fields

▪ Ideal infinite 
array, intuition

▪ Small/moderate 
linear eigenvalue 
problem

▪ Accurate modal 
fields and 
normalization

▪ Relate to the band 
structure

▪ Modal method only 
involve few modes

▪ Broadband evaluation

▪ Bounded array
▪ Localized 

defects & 
excitations

▪ Effectively 
solved with 𝑔𝑆
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Open and Multi-Scale Scattering 
Problems

33
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Multi-scale Scattering Problem and 
Optimization: An Example

34

Courtesy Comsol™

▪ Aircraft platform: large scale

▪ Antenna: fine scale

▪ Optimization of antenna for best 
performance on aircraft platform

▪ Requires multiple iterations and 
EM simulations

▪ Our approach: solve platform 
scattering once, immediately get 
coupled scattering solution of 
antenna on platform for any 
configurations



The Multi-scale Scattering Problem: An 
Analogue

35
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▪ The aircraft 
platform

▪ Antenna mounted on 
aircraft

Courtesy Comsol™



𝑔𝑆 of an Open Scatter Applied to Scattering 
Problems of Locally Modified Scatterers

36
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Scattering of Deformed Scatterers and Open 
Cavities Using 𝑔𝑆

37

Deformed scatter

Open cavity



Other Potential Applications of 
the Broadband Green’s Function 
Theory
Cavity problem and signal/electromagnetic integrity

Casimir forces in nanotechnology
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Signal/Electromagnetic Integrity for High-
Speed Interconnection and Integration

39

• Signal and Power Integrity, Packaging, EMC, EMI

• Broadband simulations

PCB structure with 

traces and vias

Waveguide Green’s Function
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Casimir Forces in Nanotechnology
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Maxwell Stress Tensor in terms of correlation function
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Leonhardt, U. (2010). Essential quantum optics: from quantum measurements to black holes. Cambridge University Press. 



More on The Band 
Characterization 

Problem with The BGF 
Approach 

Dielectric scatterer and orientation freedom (link to valley transport)

Topological photonics 

Topological acoustics 

Spurious mode and cavity mode

3D problem: line media and A-Φ formulation
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Tan, S., & Tsang, L. (2016). The broadband Green’s function applied to band diagram simulation of 2D 

periodic noncircular dielectric scatterers. APS/URSI 2016 Puerto Rico. (Paper)

Tsang, L., & Tan, S. (2016). Calculations of band diagrams and low frequency dispersion relations of 2D 

periodic dielectric scatterers using broadband Green’s function with low wavenumber extraction 

(BBGFL). Opt. Express, 24(2), 945-965.



The Surface Integral Equation Formulation for 
Dielectric Scatterers

ҧ𝜌 inside scatterer

(0,0)

a1a2

(p,q)

(1,0)(0,1)

(1,1)

A00

S00Ω0

εrb

εrp

Extinction Theorem for region outside the scatterer:

42



Extinction Theorem inside Scatterer: 𝑔1𝑃 or 𝑔1?

ҧ𝜌 outside scatterer

(0,0)

a1a2

(p,q)

(1,0)(0,1)

(1,1)

A00

S00Ω0

εrb

εrp

Both are valid extinction theorems

( ) ( )( )'
4

', 1

1

01  −= kH
i

g

- In KKR (Korringa-Kohn-Rostoker):  choose 𝑔𝑃 and wave 
representation of 𝜓1, → a non-linear eigenvalue problem

- In BBGFL: choose 𝑔𝑃 and 𝑔1𝑃, → a linear eigenvalue problem, 
applies to arbitrary geometry

- If we choose 𝑔𝑃 and 𝑔1, → a nonlinear eigenvalue problem
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𝑔𝐵 and 𝑔1𝐵 In Surface Integral Equations

• Only need a few terms in 𝑔𝐵 and 𝑔1𝐵: 1/ ത𝑘𝑖𝛼
4

• Size of the eigenvalue problem: small
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Dielectric Scatterer Array: Formulation

45

Coupled SIEs with 𝑔𝑃 𝑘 and 𝑔𝑃 𝑘1
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Dielectric Scatterer Array: Linear Eigenvalue 
Problem Formulation

46

Invoking the hybrid representation of 𝑔𝑃 𝑘 and 𝑔𝑃 𝑘1
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Band Diagrams of Periodic Elliptical Air Voids: TMz

First 5 bands of BBGFL (circles) compared with 
plane wave results (lines)

Semi-long radius = 𝑎/ 3

Semi-short radius = 𝑎/3
𝜀𝑟𝑏 = 12.25
𝜀𝑟𝑝 = 1

Maxwell Garnett:

𝜀𝑧 = 1 − 𝑓𝑣 𝜀 + 𝑓𝑣𝜀𝑝

Low frequency dispersion:

𝑘 = 𝜔 𝜀𝑧𝜇

Plane wave: a linear eigenvalue problem by expanding both field and 
dielectric constants into Bloch modes. Converge slowly for large 
permittivity contrast and filling ratio.

Γ 

MK
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Band Diagrams of Periodic Elliptical Air Voids: TEz

First band of BBGFL (circles) compared with plane 
wave results (lines)

Lower band: 
semi-long 
axis along ො𝑥

higher band: 
semi-long axis 
60∘ off ො𝑥

Maxwell Garnett:

𝜀𝑥,𝑦 = 𝜀
1 + 𝑛0𝛼𝑥,𝑦 1 − 𝜒𝑥,𝑦 /𝜀

1 − 𝑛0𝛼𝑥,𝑦𝜒𝑥,𝑦/𝜀

Low frequency dispersion:

𝑘 = 𝜔 𝜀eff 𝜃 𝜇

𝜀eff 𝜃 =
𝜀𝑥𝜀𝑦

𝜀𝑥 cos
2 𝜃 + 𝜀𝑦 sin

2 𝜃

𝜃: angle between ෠𝑘 and semi-long axis 48



Orientation Freedom of Arbitrarily Shaped 
Scatterer Links to Topological Valley Transport

49

Figures courtesy He et al., NATURE COMMUNICATIONS | (2019) 10:872. 



Topological Photonics
Versatility of the BGF approach

Spurious mode issue

50

Feng, Z., Tan, S., Tsang, L., & Li, E. P. (2019). Efficient characterization of topological photonics 

using the broadband Green’s function. PIERS 2019 Xiamen. (Paper)

Feng, Z., Tan, S., Tsang, L., & Li, E. (2020). Band characterization of topological photonic crystals 

using the broadband Green’s function technique. Optics Express, 28(19), 27223-27237.



Topological Photonics and Edge States

51
Wang et.al., nature letters, 461(8): 772-776, 2009

▪ Unidirectional 

backscattering immune 

topological edge states

❑ SIE using 𝑔𝑆 and 𝑔0 on 𝐶

0g

Sg

SIE on C



TMz Modes in a Gyromagnetic Photonic 
Crystal

52
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An Integral Formulation of the Eigen-Modes
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Coupled Integral Equations

• Let ത𝜌 approach the boundary in the extinction theorem

• Apply boundary conditions on the scatterers

• Obtain coupled surface integral equations

• To construct a linear eigenvalue problem 
• apply the broadband representations of 𝑔𝑃 and 𝑔𝑃0, 

• and apply Method of Moments with roof-top basis function to discretize the 
integral equation
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Galerkin Method with Roof-Top Basis

න
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Apply Galerkin’s method and use roof-top basis function

Matrix form
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Roof-top basis function and it’s derivation

𝑓𝑚 𝑡 =

1

Δ𝑡
𝑡 − 𝑡𝑚 + Δ𝑡 ; 𝑡𝑚 − Δ𝑡 < 𝑡 < 𝑡𝑚

−
1

Δ𝑡
𝑡 − 𝑡𝑚 − Δ𝑡 ; 𝑡𝑚 < 𝑡 < 𝑡𝑚 + Δ𝑡

0; 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Ƹ𝑡 ⋅ 𝛻𝑓𝑚 𝑡 =

1

Δ𝑡
; 𝑡𝑚 − Δ𝑡 < 𝑡 < 𝑡𝑚

−
1

Δ𝑡
; 𝑡𝑚 < 𝑡 < 𝑡𝑚 + Δ𝑡

0; 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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BGF and Linear Eigenvalue Problem

[𝑔𝑃]𝑆𝑝𝑒=෍
ഥ𝐾

𝑅(𝑖ξ, ҧ𝜌)𝑊(𝑘, 𝑖ξ)𝑅∗(𝑖ξ, ҧ𝜌) 𝑅 𝑖ξ, ҧ𝜌 =
1

Ω

exp(𝑖 ഥ𝐾 ⋅ ҧ𝜌)

( ഥ𝐾
2
+ 𝜉2)

𝑊 𝑘, 𝑖ξ =
1

𝜆(𝑖ξ, 𝑘) − 𝐷(𝑖ξ)
𝜆(𝑖ξ, 𝑘)= 

1

𝑘2+𝜉2 𝐷 𝑖ξ =
1

ഥ𝐾
2
+ 𝜉2

0 = Ӗ𝐴1 𝑖𝜉1, 𝑘𝑖; 𝜌, 𝜌
′ ത𝜓1 − ധ𝐵1 𝑖𝜉1, 𝑘𝑖; 𝜌, 𝜌

′
ത𝑢1

+ ധ𝑅 𝑖𝜉1, ҧ𝜌 ന𝑊 𝑘, 𝑖𝜉1 ധ𝑄† 𝑖𝜉1, ҧ𝜌 ത𝜓1 − ധ𝑅 𝑖𝜉1, ҧ𝜌 ന𝑊 𝑘, 𝑖𝜉1 ധ𝑅† 𝑖𝜉1, ҧ𝜌 ത𝑢1

0 = ( Ӗ𝐴0 𝑖𝜉0 − 𝑖𝜇0𝜂 Ӗ𝐶(𝑖𝜉0)) ത𝜓1 −
𝜇0
෤𝜇
ധ𝐵0 𝑖𝜉0 ത𝑢1

+( ധ𝑅(𝑖𝜉0) ന𝑊 𝑘, 𝑖𝜉0 ധ𝑄† 𝑖𝜉0, ത𝜌′ − 𝑖𝜇0𝜂 ധ𝑅(𝑖𝜉0) ന𝑊 𝑘, 𝑖𝜉0 ധ𝑅𝐶
† 𝑖𝜉0, ത𝜌′ )) ത𝜓1 − ധ𝑅(𝑖𝜉0) ന𝑊 𝑘, 𝑖𝜉0 ധ𝑅† 𝑖𝜉0, ത𝜌′ ത𝑢1

SIE becomes Related to [𝑔𝑃
0]𝑆𝑝𝑎

Related to [𝑔𝑃
1]𝑆𝑝𝑎

Related to [𝑔𝑃
0]𝑆𝑝𝑒

Related to [𝑔𝑃
1]𝑆𝑝𝑒
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BGF and Linear Eigenvalue Problem (Cont’d)

Define
ത𝑏 = 𝑊 𝑘, 𝑖𝜉0 [( ധ𝑄† 𝑖𝜉0, ҧ𝜌′ − 𝑖𝜇0𝜂 ധ𝑅𝐶

† 𝑖𝜉0, ҧ𝜌′ ) ത𝜓1 − ധ𝑅† 𝑖𝜉0, ҧ𝜌′ ത𝑢1]

ҧ𝑐 = 𝑊 𝑘, 𝑖𝜉1 [( ധ𝑄† 𝑖𝜉1, ҧ𝜌′ ത𝜓1 − ധ𝑅† 𝑖𝜉1, ҧ𝜌′ ത𝑢1]

Eigenvalue problem ന𝑷
ഥ𝒃
ത𝒄

= 𝝀𝟎
ഥ𝒃
ത𝒄

ധ𝑃 =
ന𝐷(𝑖𝜉0) ധ0

ധ0 ന𝐷(𝑖𝜉1)
−

ധ𝑅† 𝑖𝜉0, ҧ𝜌′ − 𝑖𝜇0𝜂 ധ𝑅𝐶
† 𝑖𝜉0, ҧ𝜌′ −

𝜇0
෤𝜇
ധ𝑄† 𝑖𝜉0, ҧ𝜌′

𝜀𝑟𝜇𝑟 ധ𝑅
† 𝑖𝜉1, ҧ𝜌′ −𝜀𝑟𝜇𝑟 ധ𝑄

† 𝑖𝜉1, ҧ𝜌′

[𝑍(𝑖𝜉0, ത𝑘𝑖)]
−1

ധ𝑅(𝑖𝜉0) ധ0

ധ0 ധ𝑅(𝑖𝜉1)

𝑍 𝑖𝜉0, ത𝑘𝑖 =
Ӗ𝐴 𝑖𝜉0, ത𝑘𝑖 − 𝑖𝜇0𝜂 Ӗ𝐶 𝑖𝜉0, ത𝑘𝑖 −

𝜇0

෥𝜇
ധ𝐵 𝑖𝜉0, ത𝑘𝑖

𝜀𝑟𝜇𝑟 Ӗ𝐴 𝑖𝜉1, ത𝑘𝑖 −𝜀𝑟𝜇𝑟 ധ𝐵 𝑖𝜉1, ത𝑘𝑖

ത𝜓1

ത𝑢1
= −[𝑍(𝑖𝜉0, ത𝑘𝑖)]

−1
ധ𝑅(𝑖𝜉0) ധ0

ധ0 ധ𝑅(𝑖𝜉1)

ത𝑏
ҧ𝑐
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ധ𝑃
ത𝑏
ҧ𝑐
= 𝜆0

ത𝑏
ҧ𝑐

Eigenvalue problem:

Eigenvalue: 𝜆0 =
1

𝜉0
2 + 𝑘0

2

• Advantage:

• ധ𝑃 : frequency independent

• ധ𝑃 : small size

• Get all the eigenvalues simultaneously

Advantage of The Linear Eigenvalue Problem 
Formulation

Surface fields from eigenvector:

ത𝜓1

ത𝑢1
= −[𝑍(𝑖𝜉0, ത𝑘𝑖)]

−1
ധ𝑅(𝑖𝜉0) ധ0

ധ0 ധ𝑅(𝑖𝜉1)

ത𝑏
ҧ𝑐

The modal fields are directly related to the surface fields.
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 
( )

00

if  inside scatterer
ˆ ˆ

0 if  outside scatterer

z

P z z P
C

E
d g n E E n g

 





     −  = 




 
( )00

0 0 0 0

0

0 if  inside scatterer
ˆ ˆ

if  outside scatterer
P z z P

C
z

d g n E E n g
E




 


    −  −  = 




Physical Modes and Spurious Modes

Check extinction theorem 
to reject spurious mode



Extinction Theorem Distinguishes Physical 
Modes versus Spurious Modes

60

Physical

Nonphysical

Extinction theorem 
of outside region

Extinction theorem 
of inside region
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Physical Band Solutions to Gyromagnetic Photonic 
Crystals without/with DC Magnetic Fields

𝑆00 ത𝑎1

ത𝑎2

x

y

O

𝑟 = 0.11𝑎
𝜀1 = 15𝜀0

Ӗ𝜇 =

14𝜇0 12.4𝑖𝜇0 0
−12.4𝑖𝜇0𝜅 14𝜇0 0

0 0 𝜇0



Overcome The Spurious Mode 
Issue
PEC Crystal Revisit: EFIE, MFIE, CFIE, and the Nystrom method 

The complementary problem: a linear eigenvalue problem formulation for cavity 
modes 

Nystrom/CFIE applied to dielectric crystal

62

Feng, Z., Tan, S., Tsang, L., & Li, E. (2020). Spurious mode free broadband Green’s function technique for periodic 

scatterers using the combined field integral equation formulation. NEMO 2020 Hangzhou. (Paper)

Feng, Z., Gao, R., Bai, X. & Tan, S. (2020). Eigen-analysis of cavity perturbations by combining vector potential 

electromagnetics with broadband periodic Green's function. NEMO 2020 Hangzhou.



The PEC Scatterer Array, TMz Case: Revisit
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EFIE

ො𝑛 × ഥ𝐻 = ҧ𝐽 =
1

−𝑖𝜔𝜇

𝜕𝜓

𝜕𝑛

MFIE

න

𝑆00

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′ 𝜕𝜓 𝑟′

𝜕𝑛′
= ൝

𝜓 𝑟 𝑟 outside scatterer

0 𝑟 inside scatterer

1

−𝑖𝜔𝜇
න

𝑆00

𝑑𝑙′
𝜕𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟

′

𝜕𝑛

𝜕𝜓 𝑟′

𝜕𝑛′
= ൞

1

−𝑖𝜔𝜇

𝜕𝜓 𝑟

𝜕𝑛
𝑟 outside scatterer

0 𝑟 inside scatterer

CFIE න

𝑆00

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
+

𝜂

−𝑖𝜔𝜇

𝜕𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′

𝜕𝑛

𝜕𝜓 𝑟′

𝜕𝑛′
= 0, 𝑟 → 𝑆−
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Convert CFIE into A Linear Eigenvalue Problem

ന𝑊 𝑘0, 𝑖𝜉0
−1 ത𝑏

= 𝜆(𝑖𝜉0, 𝑘0) − ന𝐷 𝑖𝜉0 ത𝑏

𝐵 + 𝑅(𝑖𝜉, 𝑟)𝑊(𝑘, 𝑖𝜉)𝑅
†

(𝑖𝜉, 𝑟
′
)
𝜕 ത𝜓 𝑟′

𝜕𝑛′
= 0

𝐴 + 𝑄(𝑖𝜉, 𝑟)𝑊(𝑘, 𝑖𝜉)𝑅
†

(𝑖𝜉, 𝑟
′
)
𝜕 ത𝜓 𝑟′

𝜕𝑛′
= 0

Matrix form of SIEs

ቈ

቉

𝐵 + 𝑅 𝑖𝜉, 𝑟 𝑊 𝑘, 𝑖𝜉 𝑅
†

𝑖𝜉, 𝑟
′
+

𝜂

−𝑖𝜔𝜇
𝐴

+
𝜂

−𝑖𝜔𝜇
𝑄 (𝑖𝜉, 𝑟)𝑊(𝑘, 𝑖𝜉)𝑅

†

𝑖𝜉, 𝑟
′ 𝜕 ത𝜓 𝑟′

𝜕𝑛′
= 0

Define

ത𝑏 = 𝑊 𝑘, 𝑖𝜉 ധ𝑅† 𝑖𝜉, 𝑟
′ 𝜕 ത𝜓 𝑟′

𝜕𝑛′

Eigenvalue problem 

(EVP)

𝑃 = 𝐷 − 𝑅
†

𝑖𝜉, 𝑟
′

𝐵 +
𝜂

𝑖𝜔𝜇0
𝐴

−1

𝑅 𝑖𝜉, 𝑟 +
𝜂

−𝑖𝜔𝜇0
𝑄 𝑖𝜉, 𝑟

𝑃ത𝑏 = 𝜆ത𝑏

EFI

E
MFI

E

CFI

E

ന𝑊 𝑘, 𝑖𝜉
−1ത𝑏

= 𝜆(𝑖𝜉, 𝑘) − ന𝐷 𝑖𝜉 ത𝑏

= ധ𝑅† 𝑖𝜉, 𝑟
′ 𝜕 ത𝜓 𝑟′

𝜕𝑛′

Eliminating 
𝜕ഥ𝜓 𝑟

′

𝜕𝑛′

Fix 𝜔 in the CFIE combining coefficient
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EFIE, MFIE, and CFIE Results with Pulse Basis

⚫ Dips in 𝐻 is 
consistent with real 
eigenvalues

⚫ Both EFIE and MFIE 
yield spurious modes

⚫ EFIE and MFIE with 
pulse basis are not 
accurate enough to 
capture the physical 
modes.

⚫ CFIE with pulse basis 
yields promising yet 
degraded results.

CFIE

MFIE

EFIE

𝑟 = 0.4𝑎 ത𝑘𝑏 = 0.1ത𝑏1 + 0.05ത𝑏2
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Apply Nystrom Method to Improve Accuracy

න

𝑆𝑝

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′ 𝜕𝜓 𝑟′

𝜕𝑛′
=
∆𝑡

2
෍

𝑞=1

𝑁𝑞

𝜔𝑞 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
𝑞

𝜕𝜓 ҧ𝑟𝑞
′

𝜕𝑛′
Gaussian–Legendre quadrature to compute integral of far region

න

𝑆00

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′ 𝜕𝜓 𝑟′

𝜕𝑛′
= ෍

𝑝∈𝑛𝑒𝑎𝑟

න

𝑆𝑝

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′ 𝜕𝜓 𝑟′

𝜕𝑛′
+ ෍

𝑝∈𝑓𝑎𝑟

න

𝑆𝑝

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′ 𝜕𝜓 𝑟′

𝜕𝑛′

Local correction for near region

න

𝑆𝑝

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
𝑓𝑘 𝑟

′
= ෍

𝑞=1

𝑁𝑞

෥𝜔𝑞 𝑓𝑘 ҧ𝑟𝑞
′

ധ𝐿
𝑘,𝑞

= 𝑓𝑘 ҧ𝑟𝑞 ҧ𝜅 𝑘 = න

𝑆𝑝

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
𝑓𝑘 𝑟

′

ഥ෥𝜔 = ധ𝐿
−1

ҧ𝜅

𝑁𝑞: Number of quadrature points

𝑁𝑘: Number of Legendre polynomial

𝑁𝑞 = 𝑁𝑘

න

𝑆𝑝

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′ 𝜕𝜓 𝑟′

𝜕𝑛′
= න

𝑆𝑝

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
෍

𝑘=1

𝑁𝑘

𝑏𝑘 𝑓𝑘 𝑟
′

= ෍

𝑘=1

𝑁𝑘

𝑏𝑘 න

𝑆𝑝

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
𝑓𝑘 𝑟

′
= ෍

𝑘=1

𝑁𝑘

𝑏𝑘 ෍

𝑞=1

𝑁𝑞

෥𝜔𝑞 𝑓𝑘 ҧ𝑟𝑞
′

= ෍

𝑞=1

𝑁𝑞

෥𝜔𝑞 ෍

𝑘=1

𝑁𝑘

𝑏𝑘 𝑓𝑘 ҧ𝑟𝑞
′ = ෍

𝑞=1

𝑁𝑞

෥𝜔𝑞

𝜕𝜓 ҧ𝑟𝑞
′

𝜕𝑛′

𝜕𝜓 𝑟′

𝜕𝑛′
= ෍

𝑘=1

𝑁𝑘

𝑏𝑘 𝑓𝑘 𝑟
′

𝑓𝑘 𝑡 commonly 

taken as Gaussian-

Legendre 

polynomials
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EFIE, MFIE, and CFIE Results: Nystrom Method

⚫ Nystrom method 
significantly 
improves the 
accuracy of EFIE, 
MFIE, and CFIE. 

⚫ CFIE with Nystrom 
method effectively 
rejects spurious 
modes on real axis

EFIE

MFIE

CFIE

𝑟 = 0.4𝑎 ത𝑘𝑏 = 0.1ത𝑏1 + 0.05ത𝑏2
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Band Diagrams with EFIE, MFIE, and CFIE

• CFIE with Nystrom 
method effectively 
rejects spurious modes 
on real axis

• With CFIE/Nystrom, 

all eigenvalues lying on 

real axis are physical
𝑟 = 0.2𝑎 ത𝑘𝑏 = 0.1ത𝑏1 + 0.05ത𝑏2

1. Tsang L. Broadband calculations of band diagrams in periodic structures using the broadband green's function with low 

wavenumber extraction (BBGFL)[J]. Progress In Electromagnetics Research, 2015, 153: 57-68.

[1]



The Complementary Internal Resonance 
Problem

69

The photonic band problem The cavity resonance problem

EFIE:

MFIE:

CFIE:

න

𝑆00

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′ 𝜕𝜓 𝑟′

𝜕𝑛′
= 0, 𝑟 → 𝑆+

1

−𝑖𝜔𝜇
න

𝑆00

𝑑𝑙′
𝜕𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟

′

𝜕𝑛

𝜕𝜓 𝑟′

𝜕𝑛′
= 0, 𝑟 → 𝑆−

න

𝑆00

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
+

𝜂

−𝑖𝜔𝜇

𝜕𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′

𝜕𝑛

𝜕𝜓 𝑟′

𝜕𝑛′
= 0

න

𝑆00

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′ 𝜕𝜓 𝑟′

𝜕𝑛′
= 0, 𝑟 → 𝑆−

1

−𝑖𝜔𝜇
න

𝑆00

𝑑𝑙′
𝜕𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟

′

𝜕𝑛

𝜕𝜓 𝑟′

𝜕𝑛′
= 0, 𝑟 → 𝑆+

න

𝑆00

𝑑𝑙′ 𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
+

𝜂

−𝑖𝜔𝜇

𝜕𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′

𝜕𝑛

𝜕𝜓 𝑟′

𝜕𝑛′
= 0

𝑟 approaches surface from inside 𝑟 approaches surface from outside



One Stone, Two Birds: CFIE/Nystrom Also 
Predicts Accurately The Cavity Modes

70

• CFIE/Nystrom yields 
the physical cavity 
modes on real axis 

• Physical modes 
satisfy the extinction 
theorem.

Physical modesSpurious modes

CFIE

EFIE

MFIE

𝑟 = 0.2𝑎 ത𝑘𝑏 = 0.1ത𝑏1 + 0.05ത𝑏2

𝑆𝑝𝑞
ത𝑎1

ത𝑎2

x

y
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CFIE/Nystrom Applied to Dielectric Crystals: BGF 
with High-order Extraction Yields A Non-linear 
Eigenvalue Problem

𝑆00 ത𝑎1

ത𝑎2

x

y

O

EFIE:

MFIE:

CFIE:

Necessity to apply BGF with high-order extraction:


S00

d  0 
gP

0

n
 gP

0
0 
n

 0,   0


S00

d  0 
gP

1

n
 1

0
gP

1
0 
n

 0,   0

  #   


S00

d  0  2

nn
gP

0  
n

gP
0 u0   0,   0


S00

d  0  2

nn
gP

1  1

0


n

gP
1 u0   0,   0

  #   


S00

d  0 
gP

0

n
 gP

0
0 
n


0

i0


S00

d  0   2

nn
gP

0  
n

gP
0 u0   0


S00

d  0 
gP

1

n
 1

0
gP

1
0 
n


1

i1


S00

d  0   2

nn
gP

1  1

0


n

gP
1 u0   0
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Dielectric Crystal: CFIE/Nystrom Effectively 
Rejects Spurious Modes on Real Frequencies

Geometry of the 2D lattice

𝑆00
ത𝑎1

ത𝑎2

x

y

O

Background: air
Scatterer: 𝜇𝑟 = 1 𝜀𝑟 = 8.9

CFIE

MFIE

EFIE

𝑟 = 0.2𝑎 ത𝑘𝑏 = 0.1ത𝑏1 + 0.05ത𝑏2



Broadband Green’s Function in 
3D Problems with 3D Periodicity
A simple case: wire medium

A generalized case: 3D scatterers

Nonlinear vs. Linear Eigenvalue Problem Formulation
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Tan, S., & Tsang, L. (2017). Broadband Green's Function with Low Wavenumber Extraction (BBGFL) in 3D 

Vector Wave Equations Applied to Arbitrary Wire Medium Characterization. PIERS 2017 Singapore.



Band Structure of The Wire Medium Using A 
Line Integral (3D Demonstration)

74

❖ Thin wire approximation

( ) ( )
( )

0

0

ˆ , ,
2

z

z

I z
J r zJ r z

r
 


= = =

❖ Enforce 𝐸𝑧
𝑆 ҧ𝑟 = 0 at the axis of the wires

( ) ( )
( )

2
2

20

1
0 ' , ; ,z iPdz I z k k z zk g

zi


 =


+ 
 

− 
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ˆ1 ˆ

1
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k z k
z z

   
+ +   

  
=

 
 

❖ Demonstration of 3D vector wave 
interactions using 1 scalar equation

y
x

z

( ) ( )
0

2

0,0
, ; ,

1
, ; ,

2
P i P i r

g k k z z d g k k r r


 



= =

  = 



High-Order BGF Applied to Wire Media 
Characterization

75

❑ The high order BGF representation with 𝑘𝐿 = 0

( ) ( ) ( )
( )

( )
( )( ) ( )

4

2

2

2

0 02 4
2

, ,0

1 1
0 exp

2

P i i

P P z

k i i

k

k

d g k
g k g k ik z z J k r

dk k k 

 




=

 
= + + −

−


  


❑ Line Integral Equation

( ) ( )
( )

2
2

20

1
0 ' , ; ,z iPdz I z k k z zk g

zi


 =


+ 
 

− 

✓ converge up to 1/|ത𝑘𝑖,𝛼|
6

✓ Possible for further improvement

𝜕2/𝜕𝑧2 slows down the convergence rate



Connected Wire Medium
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𝑟0 = 0.01𝑎

❑ Good agreements with plasma 
homogenization for the lowest 
band

❑ Agree with Belov’s results for 
higher bands

❑ Extendable to arbitrary wire media

( )

( )
( ) ( )( )

2
2

2 4 2 4

0 02 4
2

0 sin / 2

i

z i i

iz z

i i

k ka
Ak B Ck Dk k J k r c k k a

k k k



 




 

−
= + + + + −

 −


( ) ( )0 expz izI z I ik z =

Cirles: BBGFL; 
Red dots: Belov et al. 2002
Green dots: Homogenization 

Black dash: 𝑘 = ത𝑘𝑖𝛼

Cubic lattice
𝐿 ≥ 𝑎



Disconnected Wire Medium
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❑ Distinct behavior from continuous wire medium
❑ Good agreements with Foldy’s Approximation in 

the lowest band except at resonance
❑ BGF predicts an extra band

❑ Effective Permittivity from 
Foldy’s Approximation

( )0
ˆ ˆ;

2
i ieff f k kk k n
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
= +

( ) ( )
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z n n
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I z I p z
=

 =
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†
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1 1 1 1
d db D I R S L S L R I T b

   

−    
= − + + + −        

2

1

k
 =

𝐿 = 0.8𝑎

Cubic lattice
𝐿 < 𝑎



Broadband Green’s Function in 
3D Problems with 3D Periodicity
The A-Φ formulation

Nonlinear vs. Linear Eigenvalue Problem Formulation

78

Feng, Z. & Tan, S. (2020). Band calculation of 3D 

periodic scatterers using broadband dyadic 

Green’s function of vector potential A. NEMO 

2020 Hangzhou.

Feng, Z. & Tan, S. (2020). Efficient band 

characterization of 3D periodic scatterers using 

broadband dyadic Green′s function of vector 

potential A. APS/URSI 2020 Montréal. (Paper)



79

E-H formulation vs. A-𝜙 formulation

  E  iH

  H  iE  J

  D  

  B  0

  iA    i  A

    A  iiA    J

  iA   



    A  0

E-H formulation A-𝜙 formulation

Maxwell 
equation

Lorentz gauge

Wave 
equation


n  E1  E0  0

n  H1  H0  0

n  B1  B0  0

n  D1  D0  0


n  iA1  1  iA0  0  0


n 

A1
1

 A0
0

 0


n    A1    A0  0


n  1iA1  1  0iA0  0  0

2  k2   


  A  i

Boundary 
condition

    A    A  k2A  J

    E  2E  iJ

    H  2H    J

ത𝐸 = 𝑖𝜔 ҧ𝐴 − ∇𝜙
ത𝐵 = ∇ × ҧ𝐴
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3D periodic structure: Dyadic Green’s 
Function in EFIE

E  i  drGr, r  Jr

Gr, r   I  1
k2

 gPr, r 

( ) ( ) ( )
( )( )

( )
0 0

2 2

2

2

2

2

2

exp1
, ; , ; , exp

11P i i

R K

iK
g k k g R ik

k
K

i R

K


 
    

 

 −
 = +  +

+−
++


 

Due to the 
𝛻𝛻

𝑘2
operator, the E-H formulation leads to

1. Nonlinear eigenvalue problem;
2. Poor convergence.

The disadvantage will disappear in A-𝝓 formulation.

    E  2E  0

    Gr, r   2Gr, r   Ir  r 

For source free region



The A-Φ Formulation: Green’s Function and 
Extinction Theorem
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𝛻 × 𝛻 × ҧ𝐴 ҧ𝑟 − 𝛻𝛻 ∙ ҧ𝐴 ҧ𝑟 − 𝑘2 ҧ𝐴( ҧ𝑟) = 𝜇 ҧ𝐽 ҧ𝑟Wave function of magnetic vector potential ҧ𝐴

Define Dyadic Green’s function 𝛻 × 𝛻 × ҧҧ𝐺𝐴 ҧ𝑟, ҧ𝑟′ − 𝛻𝛻 ∙ ҧҧ𝐺𝐴 ҧ𝑟, ҧ𝑟′ − 𝑘2 ҧҧ𝐺𝐴 ҧ𝑟, ҧ𝑟′ = ҧҧ𝐼𝛿 ҧ𝑟 − ҧ𝑟′

𝐴𝑖𝑛𝑐 𝑟 +ඵ

𝑆

𝑑𝑆′ 𝜇𝑔 𝑟, 𝑟
′
ො𝑛′ × 𝐻 𝑟

′
− 𝛻′𝑔 𝑟, 𝑟

′
× ො𝑛′ × 𝐴 𝑟

′

+ඵ

𝑆

𝑑𝑆′ −ො𝑛′𝑔 𝑟, 𝑟
′
𝛻′ ∙ 𝐴 𝑟

′
+ 𝛻′𝑔 𝑟, 𝑟

′
ො𝑛′ ∙ 𝐴 𝑟

′
= ൝

𝐴 𝑟 𝑟 𝑖𝑠 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟

0 𝑟 𝑖𝑠 𝑖𝑛𝑠𝑖𝑑𝑒 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟

For PEC scatterers (electric potential 𝜑 = 0 on PEC surface)

Boundary condition ො𝑛 × 𝐴 𝑟 = 0

Lorentz gauge 𝛻 ∙ 𝐴 𝑟 = 𝑖𝜔𝜀𝜇𝜙 = 0

𝐴𝑖𝑛𝑐 𝑟 +ඵ

𝑆

𝑑𝑆′𝜇𝑔 𝑟, 𝑟
′
ො𝑛′ × 𝐻 𝑟

′
+ඵ

𝑆

𝑑𝑆′𝛻′𝑔 𝑟, 𝑟
′
ො𝑛′ ∙ 𝐴 𝑟

′
= ൝

𝐴 𝑟 𝑟 𝑖𝑠 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟

0 𝑟 𝑖𝑠 𝑖𝑛𝑠𝑖𝑑𝑒 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟

ҧҧ𝐺𝐴 ҧ𝑟, ҧ𝑟′ = ҧҧ𝐼𝑔 𝑟, 𝑟
′ ∇2𝑔 ҧ𝑟, ҧ𝑟′ + 𝑘2𝑔 ҧ𝑟, ҧ𝑟′ = −𝛿 ҧ𝑟 − ҧ𝑟′
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The A-Φ Formulation: Surface Integral Equation

ඵ

𝑆000

𝑑𝑆′ 𝜇𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
ො𝑛′ × 𝐻 𝑟

′
+ ඵ

𝑆000

𝑑𝑆′ 𝛻′𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
ො𝑛′ ∙ 𝐴 𝑟

′

= ൝
𝐴 𝑟 𝑟 𝑖𝑠 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟

0 𝑟 𝑖𝑠 𝑖𝑛𝑠𝑖𝑑𝑒 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟

𝐽𝑠 = ො𝑛 × 𝐻Since 

𝜎 𝑟
′
= ො𝑛′ ∙ 𝐴 𝑟

′

ඵ

𝑆000

𝑑𝑆′ 𝜇𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
𝐽𝑠 𝑟

′
+ ඵ

𝑆000

𝑑𝑆′ 𝛻′𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
𝜎 𝑟

′
= 0,

𝑟 → 𝑆−

Extinction theorem of 𝐴

Surface integral equation

W.C.Chew, “Vector Potential Electromagnetics with Generalized Gauge for Inhomogeneous Media: Formulation,” Prog. Electromagn. Res., vol. 149, pp. 69-84, 2014.

Unknowns: surface current 𝐽𝑠 𝑟
′

and charge 𝜎 𝑟
′

RWG Roof-topBasis function:
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Solve SIE with RWG/Roof-Top Basis Functions 
and The Galerkin method

ҧ𝐽( ҧ𝑟) = ෍

𝑚=1

𝑀

𝑗𝑛 ҧ𝐽𝑛( ҧ𝑟)

ҧ𝐽𝑛( ҧ𝑟) =

𝑙

2𝑆1
𝑟 − 𝑟𝐴 𝑟 𝑖𝑛 𝑟𝑒𝑔𝑖𝑜𝑛 1

𝑙

2𝑆2
𝑟𝐵 − 𝑟 𝑟 𝑖𝑛 𝑟𝑒𝑔𝑖𝑜𝑛 2

l

B

A

Region 

1

Region 

2

Represent surface current 

with RWG basis function

Apply Galerkin’s method

෍

𝑚=1

𝑀

ඵ

𝑆000
𝑚

𝑑𝑟 𝐽𝑚 𝑟
′
∙ ෍

𝑛=1

𝑀

ඵ

𝑆000
𝑛

𝑑𝑟′ 𝜇𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
𝐽𝑛 𝑟

′
𝑗𝑛 + ෍

𝑚=1

𝑀

ඵ

𝑆000
𝑚

𝑑𝑟 𝐽𝑚 𝑟
′
∙ ෍

𝑛=1

𝑁

ඵ

𝑆000
𝑛

𝑑𝑟′ 𝑠𝑛𝜎𝑛 𝑟
′
𝛻′𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟

′
= 0

෍

𝑛=1

𝑁

ඵ

𝑆000
𝑛

𝑑𝑟 𝜎𝑛 ො𝑛 ∙ ෍

𝑚=1

𝑀

ඵ

𝑆000
𝑛

𝑑𝑟′ 𝜇𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
𝐽𝑛 𝑟

′
𝑗𝑛 + ෍

𝑚=1

𝑁

ඵ

𝑆000
𝑚

𝑑𝑟 𝜎𝑛 ො𝑛 ∙ ෍

𝑛=1

𝑁

ඵ

𝑆000
𝑛

𝑑𝑟′ 𝑠𝑛𝜎𝑛 𝑟
′
𝛻′𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟

′
= 0
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Apply BGF in 3D SIE

Matrix Form of SIE 𝐴 + 𝑅(𝑖𝜉, 𝑟)𝑊(𝑘, 𝑖𝜉)𝑅
†

(𝑖𝜉, 𝑟
′
) ҧ𝑗 + 𝐵 + 𝑅(𝑖𝜉, 𝑟)𝑊(𝑘, 𝑖𝜉)𝑄

†

(𝑖𝜉, 𝑟
′
) ҧ𝑠 = 0

𝐶 + 𝑉(𝑖𝜉, 𝑟)𝑊(𝑘, 𝑖𝜉)𝑅
†

(𝑖𝜉, 𝑟
′
) ҧ𝑗 + 𝐷 + 𝑉(𝑖𝜉, 𝑟)𝑊(𝑘, 𝑖𝜉)𝑄

†

(𝑖𝜉, 𝑟
′
) ҧ𝑠 = 0

ന𝑊 𝑘, 𝑖𝜉
𝛼𝛼

=
1

𝜆(𝑖𝜉, 𝑘) − നΛ 𝑖𝜉
𝛼𝛼

𝑅 𝑖𝜉, 𝑟
𝑚𝛼

=
1

Ω
ඵ

𝑆000
𝑚

𝑑𝑟 𝐽𝑚 𝑟
𝑒𝑥𝑝(𝑖 ത𝑘𝛼 ∙ 𝑟)

(|ത𝑘𝛼|
2 + 𝜉2)

𝑄 𝑖𝜉, 𝑟
𝑛𝛼

=
1

Ω
ඵ

𝑆000
𝑛

𝑑𝑟 𝜎𝑛 𝑟 (𝑖 ത𝑘𝛼)
𝑒𝑥𝑝(𝑖 ത𝑘𝛼 ∙ 𝑟)

(|ത𝑘𝛼|
2 + 𝜉2)

𝑉 𝑖𝜉, 𝑟
𝑛𝛼

=
1

Ω
ඵ

𝑆000
𝑛

𝑑𝑟 𝜎𝑛 𝑟 ො𝑛
𝑒𝑥𝑝(𝑖 ത𝑘𝛼 ∙ 𝑟)

(|ത𝑘𝛼|
2 + 𝜉2)

ന𝑊 is a diagonal matrix

𝑅 , 𝑄 and 𝑉 are 

related to spectral 

series of BGF
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Convert SIE into A Linear Eigenvalue Problem

ത𝑏 = 𝑊 𝑘, 𝑖𝜉 ധ𝑅† 𝑖𝜉, 𝑟
′
𝜇 ҧ𝑗 +𝑊 𝑘, 𝑖𝜉 ധ𝑄† 𝑖𝜉, 𝑟

′
ҧ𝑠

𝜆 𝑖𝜉, 𝑘 ത𝑏

= നΛ 𝑖𝜉 ത𝑏 + ധ𝑅† 𝑖𝜉, 𝑟
′ ധ𝑄† 𝑖𝜉, 𝑟

′ 𝜇 ҧ𝑗
ҧ𝑠

𝐴𝜇 ҧ𝑗 + 𝐵 ҧ𝑠 + 𝑅(𝑖𝜉, 𝑟)ത𝑏 = 0

𝐶𝜇 ҧ𝑗 + 𝐷 ҧ𝑠 + 𝑉(𝑖𝜉, 𝑟)ത𝑏 = 0

Define

𝜇 ҧ𝑗
ҧ𝑠
= − 𝐴 𝐵

𝐶 𝐷

−1
𝑅(𝑖𝜉, 𝑟)

𝑉(𝑖𝜉, 𝑟)

ത𝑏

ന𝑊 𝑘, 𝑖𝜉
−1ത𝑏 = 𝜆(𝑖𝜉, 𝑘) − നΛ 𝑖𝜉 ത𝑏 = ധ𝑅† 𝑖𝜉, 𝑟

′
𝜇 ҧ𝑗 + ധ𝑄† 𝑖𝜉, 𝑟

′
ҧ𝑠

Linear eigenvalue problem 𝜆 𝑖𝜉, 𝑘 ത𝑏 = ധ𝑃ത𝑏

ധ𝑃 = നΛ 𝑖𝜉 − ധ𝑅† 𝑖𝜉, 𝑟
′ ധ𝑄† 𝑖𝜉, 𝑟

′ 𝐴 𝐵

𝐶 𝐷

−1
𝑅(𝑖𝜉, 𝑟)

𝑉(𝑖𝜉, 𝑟)
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Surface Unknowns and Modal Fields

𝜇 ҧ𝑗
ҧ𝑠
= − 𝐴 𝐵

𝐶 𝐷

−1
𝑅(𝑖𝜉, 𝑟)

𝑉(𝑖𝜉, 𝑟)

ത𝑏
Surface unknowns from 

eigenvector

ඵ

𝑆000

𝑑𝑆′ 𝜇𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
𝐽𝑠 𝑟

′
+ ඵ

𝑆000

𝑑𝑆′ 𝛻′𝑔𝑃 𝑘, 𝑘𝑖; 𝑟, 𝑟
′
𝜎 𝑟

′

= ൝
𝐴 𝑟 𝑟 𝑖𝑠 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟

0 𝑟 𝑖𝑠 𝑖𝑛𝑠𝑖𝑑𝑒 𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟

Computing modal fields

This equation can also be used to distinguish physical modes from nonphysical modes.

𝜆 =
1

𝜉2 + 𝑘2
Eigen-frequency from 

eigenvalue
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The BGF A-Φ Formulation: Band Results

COMSOL 0.731867 0.846267 0.859433 0.868633 0.952367

BBGF 0.72631 0.84985 0.86093 0.87079 0.96087

Error(%) 0.76% 0.42% 0.17% 0.25% 0.89%

𝑒𝑟𝑟𝑜𝑟 =
𝑓𝑛,𝐶𝑂𝑀𝑆𝑂𝐿 − 𝑓𝑛,𝐵𝐺𝐹

𝑓𝑛,𝐶𝑂𝑀𝑆𝑂𝐿
× 100%



Topological Acoustics
BGF in Combined SIE and VIE
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Tan, S., and Tsang, L. (2019). Band structures and modal fields in topological acoustics: an integral 

formulation. APS/URSI 2019 Atlanta. (Paper)

Tan, S., and Tsang, L. (2019). Efficient characterizations of topological acoustics using the broadband Green’s 

function. PIERS 2019 Rome.
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Illustrations courtesy Yang et 

al. PRL 114: 114301, 2015.

- Rotation induced one-way edge states

- Can apply the broadband method to characterize the band diagram and modal 
solution



The Governing Wave Equations

( )
( )0

;
v r

A k r k
c

= −

( )
2 2 2

1 1 2
0 2 2 2 2

2 1 2 1

1 ˆr r r
v r r

r r r r r


 
=  − + 

− − 

▪ The sound master equation

0 02

1 1
0v v

t c t




    
   − +  +   =   

    

Assuming 𝜌 and 𝑐 are constant, and ҧ𝑣0/𝑐 ≪ 1,

( )
2

2 0iA k  − +  =
  

▪ Boundary conditions:

V = 

1

2

ˆ 0,    

ˆ,  continuous at 

n r r

n r r

 = =

  =

▪ Harmonic wave equation Φ: acoustic velocity potential

Illustrations courtesy Yang et 

al. PRL 114: 114301, 2015.



An Integral Formulation

( )
00 1 2

1 22 ,   P
P

C r r r

g
dr dr g i A r r r r

n  


   =   +  

 

( )
2

2 0iA k  − +  =
  

2 2 2k i A  +  =  

( ) ( )2 2 ,k g r r r r   + = − − 

1

2

ˆ 0,    

ˆ,  continuous at 

n r r

n r r

 = =

  =

Ignoring ҧ𝐴 ⋅ ҧ𝐴 term

( ) ( ) ( )
,

, ; , ; , expP b mn b mn

m n

g k k r r g k r r R ik R = + 

Formulate integral equation outside the scatterers

where

The broadband Green’s function technique can be used to compute 𝑔𝑃.

Illustrations courtesy Yang et 

al. PRL 114: 114301, 2015.



Deriving the Band Solution
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( )
00 1 2

1 22 ,   P
P

C r r r

g
dr dr g i A r r r r

n  


   =   +  

 

- Discretize the integral domain with 
triangular patches

- Apply Method of Moments to solved the 
coupled volume surface integral equations 
with piece-wise linear (roof-top) basis 
functions

- Convert the integral equation into a non-
linear eigenvalue problem

1

0
pN

mn n

n

Z
=

 = ( ) 0Z   =



Solving the Non-linear Eigenvalue Problem

▪ The governing non-linear eigenvalue problem

( ) 0Z   = 0 

▪ To solve for the eigenvalue ( )( )det 0Z  =

▪ To solve for the eigenvector 0Z = 

Z  = 

0 

Thus we are solving the linear eigenvalue problem

And looking for the eigenvectors corresponding to eigenvalue 0. 



Band Diagrams and Modal Solutions
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Top: band diagram around 𝐾 point; 
Bottom: splitting of bands vs 
rotation speeds at 𝐾 point;

Field distributions for the two degenerated modes 
(left, Ω𝑛 = 0) and their lifted counterparts (right, 
Ω𝑛 = 0.2332)

𝑓𝑛 = 0.5925

𝑓𝑛 = 0.5445𝑓𝑛 = 0.5702

𝑓𝑛 = 0.5702



The Foldy-Lax 
Multiple Scattering 

Theory
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Scattering from A Single Scatterer 
and The T-Matrix 
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  V1

  V2

1

0
 inc  

S
d


g1,



1




n
 1



g1,




n

  V1

  V2

0

2
 

S
d


g2,



2




n
 2



g2,




n

The Extinction Theorem

O
S

C

ҧ𝜌′ҧ𝜌

𝑉2

𝑉1

s
ex  inc
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Represent Scattering Fields with Cylindrical 
Wave

s  
s

d

1



g1


; 

n
 1




n
g1


; 

 
s

d

1


 
n

i
4

H0
1k1    

  1



n
i
4

H0
1k1    



Addition theorem:

H0
1k1 

     
n


Jnk1 

e

in
  Hn

1k1  e in
   



O
S

C

ҧ𝜌′ҧ𝜌

𝑉2

𝑉1

s
ex  inc
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Represent Scattering Field with Cylindrical 
Wave (Cont)

s  n


an
s Hn

1k1e in

s  
s

d

1


 
n 

i
4

H0
1k1    

  1



n
i
4

H0
1k1    



 i
4


s
d


1


 
n

n



Jnk1 e
in

  Hn
1k1e

in


 



n

n



Jnk1 e
in

  Hn
1k1e

in


 
n



Hn
1k1e

in
 i

4


s
d





 
n 

Jnk1e
in

    


n 
Jnk1 e

in
 

an
s  i

4


s
d


1


 
n

Jnk1e
in

   1


n
Jnk1e

in
 



Scattering from a Single Scatterer-
Definition of The T-matrix
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s  n


an
s Hn

1k1e inex  
m


am
exJmk1e in

as  Taex

How to calculate 𝜓 ҧ𝜌′ and 
𝜕𝜓 ഥ𝜌′

𝜕𝑛′
?

O
S

C

ҧ𝜌′ҧ𝜌

𝑉2

𝑉1

s
ex  inc

an
s  i

4


s
d


1


 
n

Jnk1e
in

   1


n
Jnk1e

in
 



Approach I:
Surface Field Calculation by SIE Method
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inc  
s
d


g1;


 1



n
 1


 g1; 

n
 0 ,


on S


s
d


g2;


 2



n
 2


 g2; 

n
 0 ,


on S

Boundary condition: p1  1
1

p2  1
2

,TE Hz 

p1  1
1

p2  1
2

,TM Ez 

inc  
s
d


g1;


 1



n
 1


 g1; 

n
 0 ,


on SSIE:

Z

1


n

1



 inc

0

Matrix equation:

MOM(pulse), Nystrom …


s
d


g2;


 p1

p2

1


n
 1


 g2; 

n
 0 , on S

O
S

ҧ𝜌′
ҧ𝜌

𝑉2
𝑉1



Approach II:
Surface Field Representation with The Extended 

Boundary Condition (EBC) Method
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Extinction theorem

Expansion and Eliminate Jn

Addition theorem

g1,

  i

4


n


Jnk1  e in
 Hn

1k1 

e

in
   




n



an
incJnkein  

S
d

 i
4

n



Jnk  e
in

 Hn
1k 


e

in

1




n 

1


 i

4


n


Jnk  e
in

 Hn
1k 


e

in


n 

O
S

ҧ𝜌′
ҧ𝜌

𝑉2
𝑉1



Relation between The Incident and Total Field 
Coefficients
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Represent internal fields

2  
m



amJmk2e im

2

n
 

m



am
Jmk2e im

n

1  2

p1
1

n
 p2

2

n

Apply BC

Relationship of 𝒂𝒏
𝒊𝒏𝒄 and 𝒂𝒏

an
inc  

m


am 
S

d
 i

4
Hn

1k1ein  p2

p1

Jmk2eim

n
 Jmk2eim  

i
4

Hn
1k1ein

n
, n

In matrix form

O
S

ҧ𝜌′
ҧ𝜌

𝑉2
𝑉1



Relation between The Scattering and Total 
Field Coefficients
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Relationship of 𝒂𝒏
𝒔 and 𝒂𝒏

In matrix form as  Qa

From before:

an
s  i

4


s
d


1


 
n

Jnk1 e
in

   1



n
Jnk1 e

in
 

 i
4


s
d

 
m



amJmk2 e im  
n

Jnk1 e
in

 

 p2

p1

m



am
Jmk2 e im 

n
Jnk1 e

in
 

an
s  

m


am
i

4


s
d


Jmk2e im  

n
Jnk1e

in
   p2

p1
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T-matrix Calculation with Surface Field 
Derived from The EBC Method
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in
 

Chew, W. C., Waves and Fields in Inhomogeneous Media, Van 
Nostrand Reinhold, New York, 1990.



Comparing SIE and EBC Approaches
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For a cylindrical PEC structure 

Tmatrix-EBC approach Tmatrix-SIE approach

Minimum order required 3 3

calculating time (s) 0.292 0.011

Required fraction 300 20

Scattering field results 
comparing with MOM
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For an semicircle PEC structure 

Tmatrix-EBC approach Tmatrix-SIE approach

Minimum order required 17 5

calculating time (s) 109.18 0.031

Required fraction 4000 60

Scattering field results 
comparing with MOM

Comparing SIE and EBC Approaches (Cont.)



Comparing SIE and EBC Approaches (Cont.)
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For an ellipse PEC structure 

Tmatrix-EBC approach Tmatrix-SIE approach

Minimum order required 
Limited applicability: not 
converge in the selected 

coordinate

5

calculating time (s) 0.026

Required fraction 50

Scattering field results 
comparing with MOM



Scattering from Multiple 
Scatterers and The Foldy-Lax 
Multiple Scattering Theory (MST)
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From Extinction Theorem to Multiple 
Scattering Equation (MSE)

q
s  q

ex

𝜓𝑞
𝑒𝑥 ҧ𝜌 = 𝜓𝑖𝑛𝑐 ҧ𝜌 + ෍

𝑝≠𝑞

𝜓𝑝
𝑠 ҧ𝜌

Foldy-Lax MSE:

  V1

  V1
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0
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n 

 
Cq

d  1 
g1, 

n
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pq
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𝜓𝑞
𝑒𝑥 ҧ𝜌 = 𝜓𝑖𝑛𝑐 ҧ𝜌 + ෍

𝑝≠𝑞

𝜓𝑝
𝑠 ҧ𝜌

Foldy-Lax MST: Key Relations

Wronskian:
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g1, 
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 
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

ap,n
s Hn

1k   p e inp

ap
s  Tpap

ex



112

Multiple Scattering Eqn Governing ത𝑎𝑒𝑥

𝜓𝑞
𝑒𝑥 ҧ𝜌 = 𝜓𝑖𝑛𝑐 ҧ𝜌 + ෍

𝑝≠𝑞

𝜓𝑝
𝑠 ҧ𝜌

Hn
1k   p e inp
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l
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113

q
ex  inc 

pq


Cp

d p
s  g1,

n
 g1,

p
s 

n

MSE Governing ത𝑎𝑒𝑥: A Green Function Formulation 
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 i
4

l



J lk    p e
ilp

 p Hl

1k   p e
il p

 i
4

l



J lk    p e
ilp


n



Jnk   q e
in q Hnl

1k p  q e
inl pq

aq,n
ex  aq,n

inc  
pq


l


ap,n
s Hln
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Scattering from Infinite Periodic 
Scatterers and Band 
Characterization
The BGF-KKR-MST Approach
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Liao, T.-H., Tsang, L., & Tan, S. (2021). Broadband Green’s Function-KKR-Multiple Scattering Method for the Calculations of 

Band Structures in Topological Acoustics. APS/URSI 2021 Singapore. (Paper)

Tsang, L., Liao, T.-H., & Tan, S. (2021). Calculations of Bands and Band Field Solutions in Topological Acoustics Using The 

Broadband Green’s Function-KKR-Multiple Scattering Method. Prog. Electromagn. Res., 171, 137-158.

Gao, R., Tsang, L., Tan, S., & Liao, T.-H. (2021). Broadband Green’s Function-KKR-Multiple Scattering Method for Calculations 

of Normalized Band Field Solutions in Magnetic-Optics Crystals. J. Opt. Soc. Am. B, 38(10), 3159-3171.

Gao, R., Tsang, L., Tan, S. & Liao, T. (2020). Band calculations using broadband Green’s functions and the KKR method with 

applications to magneto-optics and photonic crystals, J. Opt. Soc. Am. B, 37 (12): 3896-3907.
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Foldy-Lax MST Applied to Periodic Scatterers

q
ex  inc 

pq

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d p
s  g1,

n
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n

Apply Bloch Theorem: 𝜓 ҧ𝜌 + ത𝑅 = 𝜓 ҧ𝜌 exp 𝑖ത𝑘𝑏 ∙ ത𝑅

Define the 
residual Green’s 
function

The governing multiples scattering equation

gR, 

  
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The Korringa-Kohn-Rostoker (KKR) Formulation
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KKR-BGF-MST: Evaluation 𝐷𝑙 in the Residual 
Green’s Function with BGF

Assuming 𝜌′ to be 0 gR  l


DlJ lk  e il


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
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
2  k22

|k ipq |
2  2 2

e ik ipq

|k ipq |
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BBGF with sixth-order convergence and imaginary extractions

This allows efficient evaluation of 𝐷𝑚 ത𝑘𝑖 , 𝑘 as a function of 𝑘 over a broadband. 
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KKR-BGF-MST Applied to Characterize 
Band of Gyromagnetic Photonic Crystals

Without external DC field With external DC field

𝑆00 ത𝑎1

ത𝑎2

x

y

O

𝑟 = 0.11𝑎
𝜀1 = 15𝜀0

Ӗ𝜇 =

14𝜇0 12.4𝑖𝜇0 0
−12.4𝑖𝜇0𝜅 14𝜇0 0

0 0 𝜇0

Gao, R., Tsang, L., Tan, S. & Liao, T. (2020). Band calculations using broadband Green’s functions and the KKR method with 
applications to magneto-optics and photonic crystals, J. Opt. Soc. Am. B, 37 (12): 3896-3907.
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KKR-BGF-MST Applied to Characterize Band 
of Acoustic Crystals with Rotating Fluid

Tsang, L., Liao, T.-H., & Tan, S. (2021). Calculations of Bands and Band Field Solutions in Topological Acoustics Using The 
Broadband Green’s Function-KKR-Multiple Scattering Method. Prog. Electromagn. Res., 171, 137-158.

Method Set-up (milliseconds)
Number    of 

bands
𝑁𝐿

Number              of       
frequencies

𝐷𝑙 and 𝑑𝑒𝑡 (𝑃)
(milliseconds)

Total CPU
time

(milliseconds)

Frequency 
scanning

1.7 1 2 1000 124.9 126.6

Frequency 
scanning

2.6 1 3 1000 183.4 186

Bisection 2.1 1 2 14 2.9 5

Bisection 3.4 1 3 14 5.1 8.5

CPU Time Comparisons for computing Band 

eigenvalue frequencies. 𝑁𝑠𝑝𝑎 = 4, 𝑁𝑠𝑝𝑒 = 4



Represent 𝐷𝑚 in Lattice Summation
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Rediscover 𝐷𝑚 in Foldy-Lax MSE Applied to Periodic Scatterers:
Another Formulation of The KKR MSE
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Bloch Theorem



Scattering from Finite Periodic 
Scatterers: Topological Edge State 
Characterization and 
Interpretation
MST generalized to handle boundary

Edge modes and the robustness

Interpretation in terms of Green’s function and waveguide theory

Dispersion of edge modes 
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Feng, Z., & Tan, S. (2022). Characterization of One-Way Edge Modes at the Interface of Topological Photonic Crystals 

and A PEC Wall Using the Coupled Integral Equation - Foldy-Lax Multiple Scattering Method. PIERS 2021 

Hangzhou.

Feng, Z., & Tan, S. (2021). Topological Edge-Mode Characterization Using Foldy-Lax Multiple Scattering Theory and 

Interpretation with Classical EM Theory. APS/URSI 2021 Singapore. (Paper)

Feng, Z., & Tan, S. (2021). Modeling Reflection-Free One-Way Edge Modes Using Foldy-Lax Multiple Scattering Theory. 

ACES 2021. (Paper)
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YIG

Alumina
ത𝜓𝑝
ex = ത𝜓𝑝

inc + ෍
𝑞=1,
𝑞≠𝑝

𝑁

ത𝜓𝑞
s

Edge state confined by two crystals Foldy-Lax MST

෍

𝑛=−𝑁𝑚𝑎𝑥

𝑁𝑚𝑎𝑥

𝜔𝑛
𝑝
𝐽𝑛 𝑘 𝜌 − 𝜌

𝑝
𝑒𝑥𝑝 𝑖𝑛𝜙𝜌𝜌𝑝

= 𝜓𝑖𝑛𝑐 + ෍

𝑞=1,𝑞≠𝑝

𝑁

෍

𝑚=−𝑀𝑚𝑎𝑥

𝑀𝑚𝑎𝑥

𝑇𝑚𝜔𝑚
𝑞
𝐻𝑚

1
𝑘 𝜌 − 𝜌

𝑞
𝑒𝑥𝑝 𝑖𝑚𝜙𝜌𝜌𝑞

ത𝜓𝑝
inc =

𝑖

4
𝐻0

1
𝑘 𝜌 − 𝜌𝑖𝑛𝑐

Apply Foldy-Lax MST to Characterize Uni-directional 
Edge States

aq,n
ex  an

inc 
pq


l


ap,n
s Hln

1k p  q eilnpq

as  Taex
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T matrix of a cylindrical scatterer of gyromagnetic 
material

𝜓inc

𝜓𝑠𝜀1 = 15𝜀0

Ӗ𝜇 =
𝜇 𝑖𝜅 0
−𝑖𝜅 𝜇 0
0 0 𝜇0

𝜀0, 𝜇0

𝜓inc ҧ𝜌 = ෍

𝑛=−𝑁𝑚𝑎𝑥

𝑁𝑚𝑎𝑥

𝑎𝑛𝐽𝑛 𝑘𝜌 𝑒𝑥𝑝 𝑖𝑛 𝜙 − 𝜙𝑖 𝑖𝑛

𝜓s ҧ𝜌 = ෍

𝑛=−𝑁𝑚𝑎𝑥

𝑁𝑚𝑎𝑥

𝑎𝑛
𝑠𝐻𝑛

1
𝑘𝜌 𝑒𝑥𝑝 𝑖𝑛 𝜙 − 𝜙𝑖 𝑖𝑛

𝜓0 = 𝜓1
1

𝜇0
ො𝑛 ⋅ 𝛻𝜓0 =

1

෤𝜇
ො𝑛 ⋅ 𝛻𝜓1 + 𝑗𝜂 Ƹ𝑡 ⋅ 𝛻𝜓1

𝑇𝑛 =
𝑎𝑛
𝑠

𝑎𝑛
=

𝜇0
1
෤𝜇
𝐽𝑛
′ 𝑘1𝑟 +

1
𝑟
𝑛𝜂𝐽𝑛 𝑘1𝑟 𝐽𝑛 𝑘0𝑟 − 𝐽𝑛

′ 𝑘0𝑟 𝐽𝑛 𝑘1𝑟

𝐻𝑛
′ 1

𝑘0𝑟 𝐽𝑛 𝑘1𝑟 − 𝜇0
1
෤𝜇
𝐽𝑛
′ 𝑘1𝑟 +

1
𝑟
𝑛𝜂𝐽𝑛 𝑘1𝑟 𝐻𝑛

1
𝑘0𝑟

T matrixBoundary condition 

(TMz polarized)

2
2 2

2
1 0z zE E


 



 
 + − = 

 

Inside 𝜓1 = 𝐸𝑧

𝜓1 ҧ𝜌 = ෍

𝑛=−𝑁𝑚𝑎𝑥

𝑁𝑚𝑎𝑥

𝑐𝑛𝐽𝑛 𝑘1𝜌 𝑒𝑥𝑝 𝑖𝑛 𝜙 − 𝜙𝑖 𝑖𝑛

a plane wave



125

Generalize Foldy-Lax MST to Handle Boundaries

exc
p  inc  sca

PEC,p,inc  
q1,qp

N

sca
p,q  

q1

N

sca
PEC,p,q

Existence of the boundary complicates the excitation field on a scatterer.

Edge state confined by one crystal and a PEC boundary 

𝜓𝑒𝑥𝑐
𝑝

ҧ𝜌 = 𝜓𝑖𝑛𝑐 ҧ𝜌 + ෍

𝑞≠𝑝

𝜓𝑠𝑐𝑎
𝑞

ҧ𝜌 + 𝜓𝑠𝑐𝑎
𝐵 ҧ𝜌



sca
PEC,qm

  
S

d  g0;   um
q  

  i
4

S

d  H0
1k0|    |um

q  

  i
4

S

d  
n



Jn k0   p e inp Hn
1

k0    p e
inp um

q  

  i
4 

v1

Nt


n



Jn k0   p einp Hn
1

k0 v
  p e

inv
 ptvum

qv
 

  #   
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The Hybrid MST-SIE Approach: Handling 
Additional Scattering Fields from Boundaries

• Solve surface field on boundary with MoM

• Expand scattering field from boundary as cylindrical waves 
centered at the reference scatterer

ҧҧ𝛾𝑛
𝑝
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Modified Foldy-Lax Multiple Scattering Equations

exc
p  inc  sca

PEC,p,inc  
q1,qp

N

sca
p,q  

q1

N

sca
PEC,p,q


n

Jn k0   p einp wn
p

 
n



Jn k0   p einp Hn
1

k0  inc  p einincp

 
n



Jn k0   p einpn

PEC,p
Z0

1
inc

 
n



Jn k0   p einp 
q1,qp

N


m



Tm

q
wm

q
Hnm

1
k0 q  p einmqp

 
n



Jn k0   p einp 
q1

N


m



n

PEC,p
Z0

1
Qm

q
Tm

q
wm

q

  #   

wn
p  Hn

1
k0  inc  p einincp

 n

PEC,p
Z0

1
inc

 
q1,qp

N


m



Tm

q
wm

q
Hnm

1
k0 q  p einmqp

 
q1

N


m



n

PEC,p
Z0

1
Qm

q
Tm

q
wm

q

  #   

Extra terms due 
to scattering 
from boundary
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Results of Edge States at The Interface of 
Two Photonic Crystals

Z. Feng and S. Tan, "Modeling Reflection-Free One-Way Edge Modes Using Foldy-Lax Multiple Scattering Theory," 2021 International Applied Computational Electromagnetics 

Society Symposium (ACES), 2021, pp. 1-4, doi: 10.1109/ACES53325.2021.00010.

Method Foldy-Lax COMSOL MoM

Unknowns 80*5=400 64854(mesh) 80*30*2=4800

CPU time 0.24s+2.69s=2.93s 9s 10021.5s+361.6s=10383.1s

Foldy-Lax MST Comsol
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Method Foldy-Lax MST COMSOL

Unknowns 525 240810 (mesh)

CPU Time (s) 3.2+12.8=16 25

Results of Edge States at The Interface of 
A Photonic Crystal and A PEC Boundary

Foldy-Lax MST Comsol



130

Robustness of The Topologically Protected One-Way 
Edge States

Source
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Green’s Function: The Point Source Response in 
Photonic Crystals

⚫ The wave rotates counterclockwise in the YIG crystal;

⚫ No rotation behavior in the regular alumina crystal

⚫ Wave can not propagate in both crystal;

⚫ Alumina crystal acts like total reflection interface like PEC.

YIG crystal Alumina crystal
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⚫ Waveguide cut-off frequency 𝑓𝑐 increases as the distance 𝑑 decreases.

⚫ When the operating frequency 𝑓 is above the cut-off 𝑓𝑐 , propagating modes are excited and 

can propagate along both directions.

⚫ When 𝑓 < 𝑓𝑐, wave is unidirectional due to the rotational wave behavior in the gyromagnetic 

crystal and the reflection at the interface from the other side.  

d = a d = 2ad = 1.5a

COMSOL

MATLAB

One-way Edge Mode Interpretation in terms of The 
Green’s Function and The Waveguide Theory



Simultaneous Dual Unidirectional Edge 
Modes at Different Frequency Bands

133

𝑓𝑛 = 0.5384 𝑓𝑛 = 0.6184
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Dispersion Relations and Duplex Devices

• Working towards extracting dispersion 

relations numerically from edge mode 

calculation. 

• Exploring ideas to design duplex 

connecting devices supporting 

unidirectional wave-guidance along 

both ways at different frequency bands

𝑓𝑛

𝑘𝑖𝑥 𝜋/𝑎



The Periodic 
Grating 

Scattering 
Problem

135

Bai, X., & Tan, S. (2022). An efficient and accurate Nystrom method for calculating scattering properties of 

2D gratings with 1D periodicity. PIERS 2021 Hangzhou.

Bai, X., & Tan, S. (2021). An Accurate Solution to Periodic Grating Structure Scattering Using Nystrom 

Method with An Over-determined Testing Scheme. APS/URSI 2021 Singapore. (Paper)

Bai, X., Tan, S., Wang, C., & Gao, F. (2021). An Accurate Integral Equation Formulation to Scattering of 

Periodic Grating Structures. ACES 2021. (Paper)



2D1D problem vs 2D2D problem
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inc  
S0

d
gPx;

n
 0  on S0

 TE

inc  
S00

d
gP;

n
 0  on S00

 TE

2D2D SIE

2D1D SIE

2D1D transmissivity coefficient

t  k0

k y0


mProp
|m0  am |2

k ym

k0

s   i

2a


S0

d 
n


mProp

expik xmxk ymy

k ym
expikxmx   kymy Scattering 

far fields

am  i

2ak ym


S0

d 
n

expikxmx   kymy 

𝑔𝑃 ҧ𝜌; ҧ𝜌′ = ෍

𝑝,𝑞

𝑔 ҧ𝜌; ҧ𝜌′ + ത𝑅𝑝𝑞 exp 𝑖ത𝑘𝑏 ∙ ത𝑅𝑝𝑞

𝑔𝑃𝑥 ҧ𝜌; ҧ𝜌′ = ෍

𝑞

𝑔 ҧ𝜌; ҧ𝜌′ + ො𝑥𝑞𝑎 exp 𝑖ത𝑘𝑖 ∙ ො𝑥𝑞𝑎



137

Efficient and accurate modeling of 2D1D arbitrary 
shape periodic gratings scattering

Integral equation based method

Multiple scattering theorem

Arbitrary scatterer, accurate near field

Arbitrary scatterer, sparse configuration, efficient

Quadrature
Evaluation of 

periodic Green’s 
function

Nystrom 
approach

Imaginary 
wave-

number 
extraction

Laplace 
transform

Overcome 
internal 

resonance

Over-
determined 

testing

T-matrix of arbitrary scatterer

SIE

Foldy-Lax MST

KKR, BGF-KKR
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Evaluation of periodic Green’s function

Imaginary wave number extraction technique


n

gPx,

  

n
gPxi;,


Spatial  

n
gPxk;,


  gPxi;,


Spectral


n

gPxk; ,

  gPxi; ,


Spectral

 i
2a


n


m

expikym |y  y  |
kym


exp


k ym |y  y  |

i

k ym

expikxmx  x 


n

gPxi; ,

Spatial

 
q


n

gi; ,

 

xqae ik ixqa
kxm  k ix  m 2

a

kym  k0
2  kxm

2


k ym  2  kxm

2
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Transformation method

gP,

  

q

i

4
H0

1k   

 

xqa e ik ixqa


m1


e imtQm  e it 

0


dv

qv

eveit
Qm  

0


dvemtqv

eisH0
1 s2  a2    i2

 0


dyesy

cosa y22iy 

y22iy

gP  gP0  gP0  gP0

gP0  eikk ixPikxx 

 
0


du eu2kPkxx u2

1  eu2kPikk ixP

coskz  zu u2  2i 

u2  2i

gP0  eikk ixPikxx 

 
0


du eu2kPkxx u2

1  eu2kPikk ixP

coskz  zu u2  2i 

u2  2i

  #   

  #   

Laplace transformation theorem

gP0  i

4
H0

1k x  x 2  z  z2 
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Evaluation of periodic Green’s function-Comparing convergence

Case 1 Near Case 2 Far

𝑦 − 𝑦′ < wavelength/20 : The transformation method
𝑦 − 𝑦′ ≥ wavelength/20 : The imaginary wavenumber extraction 

technique
Criterion



Inaccuracy due to internal resonance

141
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Over-determined testing scheme

conjugate transpose 
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Multiple scattering theorem method

ex  inc  
S00

dl  s

 gR, 

n
 gR,


 s 

n

gR  m


DmJmk  e im


0

2
gR,


eild  

0

2
m


DmJmk  e imeild  2DmJmk  

Dm 


0

2
gR, 0eimd

2Jmk  

𝑔𝑅 ҧ𝜌; ҧ𝜌′ = ෍

𝑝,𝑞≠ 0,0

𝑔 ҧ𝜌; ҧ𝜌′ + ത𝑅𝑝𝑞 exp 𝑖ത𝑘𝑏 ∙ ത𝑅𝑝𝑞

𝑔𝑅𝑥 ҧ𝜌; ҧ𝜌′ = ෍

𝑞≠0

𝑔 ҧ𝜌; ҧ𝜌′ + ො𝑥𝑞𝑎 exp 𝑖ത𝑘𝑖 ∙ ො𝑥𝑞𝑎
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Calculation of periodic Green’s function 
coefficient ഥ𝐷

Using addition theorem for periodic Green’s function in spatial domain

H0
1k0   

xqa   
n


Jnk  e in
 Hn

1k|

xqa|e

in
   |


xqa|

Dm 


0

2
gR, 0eimd

2Jmk  

Yasumoto, Kiyotoshi, and Kuniaki Yoshitomi. "Efficient calculation of lattice sums for free-space 
periodic Green's function." IEEE Transactions on Antennas and Propagation 47.6 (1999): 1050-1055.

For Lattice Summation:

gRk,k ix ;,  
l0

i

4
H0

1k0   
xla e ik ixla

Dmk 


0

2
gRk,k ix ;,eimd

2Jmk


i

4


l0


n


JnkHn
1klae

in
 e ik ixla 
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Transmission spectrum and surface field of cylindrical structure

Transmission spectrum
0 degree incidence 89 degree incidence

0degree 2GHz 89degree 1.05GHz 89degree 2.085GHz

Surface field
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Transmission spectrum of semi-cylindrical structure

0 degree 89 degree

Comsol near fields with port length

10P

6P

3P

Comsol results change with the ports distance for the influence of evanescent modes.
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TE Semi-cylindrical
0degree 

2GHz

Cylindrical
89degree 
1.05GHz

TM Semi-cylindrical
0degree 

2GHz

Extraordinary 
transmission

Near fields distribution

TE Cylindrical 60dgree 2.5GHz
Field Enhancement



Summary
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Summary
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Applied Electromagnetics & Information Science Lab
Electromagnetic Scattering Lab (EMSL)

Random 
media

Periodic 
structures

Remote 
sensing

Wave function 
materials & devices
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Electromagnetic 

entropy & information

Nano-structure 
scattering & 

characterization

EM integrity & 
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of neuromorphic chips
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Mission: We solve intriguing 
electromagnetic scattering 
problems emerged from cutting-
edge cross-disciplinary research 
through theoretical, computational 
and experimental approaches.

Vision: We explore electromagnetic 
wave interactions with cross-scale 
structures and environments and 
the associated physical and 
informational effects to develop 
electromagnetic basis for advanced 
engineering and science. 
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