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APPENDIX A
Some Useful Mathematical Formulas
A.1 Useful Vector Identities
a-(bxc)=b-(cxa)=c-(axb), (A1)
ax (bxc)=bla-c)-cla-b). (A.2)
V x Vi =0, (A.3)
V-VxA=0, (a.4)
V- -(YA)=A -Vy+yV - A, (A.5)
Vx(YA) =V x A+9yPV x A, (A.6)
V.- (AxB)=B-VxA-A -V xB, (A.7)
VIA-B)=(A-V) B+ (B-VJA+AxVxB+BxVxA, (A.8)
Vx(AxB)=(B-V)A-(A-V)B+AV-B-BV: A, (A.9)
VxVxA=VV-A-V?A. (A.10)
In Cartesian coordinates, V2A can be decomposed as
VZA = §V2A, + V24, + 2V?A,, (A.11)

because V? commutes with Z, §, and 2, i.e., V22 = £V? and so on. This
is not true in other curvilinear coordinates; hence, this decomposition is not

allowed.

A.2 Gradient, Divergence, Curl, and Laplacian in
Rectangular, Cylindrical, Spherical, and General
Orthogonal Curvilinear Coordinate Systems

(a) Rectangular System; z, y, z:

0w, oy b,
Vi = 8x$+<_9§y+5;z’

_0A;  0A, O0A,
V.A_01:+8y+82’

0A, 0A 0A, A 0A, 0A
v A = z YAy UAr z N Ay z A
. <6y az>“<az 8x>y+<8x 3y>z’

2 2 2
:_6__£+Q£+aw

2 ——
VY dx?  Oy? 022

(A.12)

(A.13)

(A.14)

(A.15)
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(b) Cylindrical System; p, ¢, z:

O, 10y, I
V'(/) 6 p+ - a¢¢+ —a;Z, (A16)
10 104, O0A,
V- A= —8(A)+;T9<_b—+6z’ (A.17)
104, 0A;\ . A, O0A,\ - 1/0 04,
\V/ =z - Tz =
XA (pf?d) 3Z)p+(32 ap)¢+p(3p(pAd’) 345)
(A.18)
o 10% 0%
2, 1 Rl AT
vy = L o ( ap>+p2a¢2+az2' (A.19)
(c) Spherical System; , §, ¢:
aw 109 ; 1 oY,
VY = or +r609 rsin@%(ﬁ’ (A.20)
10 0 1 0A,
VA= ;5_67(? Ar)+ smBBH(Smer) rsind 9¢ ' (A-21)

1 [8,, 0], 1[ 1 04, 9 .
VXA=T0g [55‘51““'») - EEJ ; [‘7% - a—T(’“Aw] f
1[0 0A,
+ - - [a (TAg) a0 ] d) (A22)

209 10 (. ,0u 1 %y
2 = —— ———
V= o ( 8r>+r23in989< 89>+T25in‘206¢2~ (A.23)

(d) General Orthogonal Curvilinear Coordinate System; i, z,, z3:

The metric coefficients (h;, hg, hs) in a general orthogonal curvilinear
coordinate system are defined by

dSi = h,,‘ dil)i; t=1 or 2, or 3, (A24)

where ds; denotes a differential length in the direction of dr;. Moreover,
the variable, z; may not have the dimension of length. One way of finding
the metric coefficients is to express the rectangular variables in terms of the
variables of that system:

= y($1,$2,$3),
y = y(z1, To, T3),

z = z(xy, T2, T3).
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Then

1/2

2 2 2
ds; = {(gf) + <§_j> + <§;> } dzr;, t=1,2,3. (A.25)
Hence,
1/2
oz \* [oy\® [0z)°
"o [(5;) () + ()] (420

For instance, in an elliptical coordinate system,

z = ccoshucoswv, (A.27)

y = csinhusinv. (A.28)
If (z,,z9,x3) represent (u,v,2), then by applying (26), we have

hy = hy = c(sinh? u cos® v + cosh? usin?v)Y? = ¢(cosh? u — cos? v)*/?,

(A.29)
hg = 1. (A.30)
In general, for any orthogonal curvilinear coordinate system,
21 09y
Vi = — 1, A.31
1 0 [AA;
V . A = — B — : N A - } h h . 2
A;aa:z(hi)' et (A-32)
}7,133'1 h2.’i‘2 hgi’g
UxA=L O (A.33)
- A Jdxy 31:2 313 ’ :
hiAr  hoAy  hyAs,
3
1 0 (A Y
Vi = — —=—|. A.34
v A;@(L‘i (hfc?:c,-) ( )

A.3 Useful Integral Identities

In the following formulas, V' is a volume bounded by a closed surface S.
The unit vector 72 is normal to S and points outward.

(a) Gradient Identity:

j{w) dV = ?4451“1 ds. (A.35)
Vv S
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(b) Gauss’ Divergence Theorem:

fV-AdefA.ﬁdS.
S

14

(c) Vector Stokes’ Theorem:

j{VxAdV=?{r‘zxAdS.
12 S

(d) First Form of Green’s Theorem:

f [61V%¢2 + V1 - Vo] dV = f - ¢ Vo dS.
v

S

(e) Second Form of Green’s Theorem:

F16:9% ~ 670 AV = § - (0192 = 627 01) .
v s
(f) Vector Green’s Theorem:

f[P-VxVxQ—Q~VxVxP]dV

v

| =j§[vaxP—vaxQ].ﬁds.
S

The above may all be proved from Gauss’ divergence theorem.

(g) Stokes’ Theorem:
If S is an unclosed surface bounded by a contour C, then

/(VxA)-ﬁdS:géA.dl,

S
/fzxv¢d5=f¢dl.
S C

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)
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(h) Gauss’ Theorem in Two Dimensions:

S/(V ~A)dS = wa‘zdl, (A.43)

The above identities for tensors and dyads can also be readily established
(see Appendix B).

A.4 Integral Transforms

(a) Fourier:

f@) =5 [ dve i), (A4
Fly) = / dz e~ f(z), (A.45)
§(m—w'):% / dy e'===W, (A.46)

(b) Cylindrical Hankel:

f(p) = / AT, (A0 FN), (A.47)
0
) = / dppu (M) f (), (A.48)
0
‘5(”;’)) - /d/\ Ao (Ap)Jn(AD), (A.49)

0

where J,(z) is a cylindrical Bessel function of n-th order.

(c) Spherical Hankel:

12 %
;> /dA A2, (AT)F(A), (A.50)

0

=
3
Il
N
[\)

f0) = (%)m O/w drrja(Ar) £(r), (A.51)
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o(r—r") 2 T 2. oy
= ;/dz\A Jn(AT)3n (A7), (A.52)
0

where j,(z) is a spherical Bessel function of n-th order.

(d) Hilbert:

1 oo
g(t) = ~P.V. / ar L) (A.53)
T T—1
Lo [ glt)
=—-—PV. S .
f(r)=-=P / dt =, (A.54)
—o0
S(t—t)=—-—PV /ood‘r ! py 1t (A.55)
TR r—t -1’ )
where P.V.% is regarded as a generalized function (see Appendix C).
(e) Radon:
A Radon transform in an n-dimensional space is defined as
&= [ 1095 (p=é-x) dx, (4.56)

where x is a position vector in an n-dimensional space, £ is a unit vector, and
dx implies a volume integral in an n-dimensional space. The inverse Radon
transform is different in even and odd dimensions. In even dimensions, it is

109 = s [ e /wdpp_lé'x(aa—p)n_lf*(p,é), (A7

l€l=1 —00

where the d¢ integral implies integrating over all angles of £, ie., d€ is an
elemental area on the surface of a unit sphere. In odd dimensions,

00 =ty [ae(2) j0d

l§1=1

(A.58)




